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PREFACE. 



The subject selected by the Examiners for the Adams 
Prize for 1899 was 

The Theory of the Aberration of Light. 

The phenomena of aberration depend upon the relations 
of the ether and matter and must therefore be intimately 
associated with many other facts of nature. In the following 
essay an attempt is made to construct a theory of the electro- 
magnetic field which shall be consistent with the modem 
interpretation of chemical, optical and magnetic phenomena 
in terms of electrically charged particles*. That a particular 
case of such a theory would explain aberration was proved by 
H. A. Lorentz in the year 1892 f. 

Since the essay was returned by the examiners I have 

thought it advisable to remove some defects and obscurities 

which did not appreciably affect the main argument. It has 

^ been chiefly in the latter portion of Part III. that such changes 

. * A short historioal account of electrochemical theories has been given by 

Richarz {Phil, Mag, 39, p. 629, 1896). 
^ t La th^orie ^lectromagn^tiqae de Maxwell et son application aaz corps 

^ monvants. {Archives nierlandaises des Sciences exactes et naturelleSt T. zzv.: 
^ also published separately by E. J, Brill, Leyden, 1802.) 

^ w. b 
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have been made: and the five pages from (X), § 56 (p. 78) 
to the end of Part III. (p. 83) are recent additions for the sake 
of which the publication has been delayed. I realised last 
autumn that many of Quincke's classical experiments with 
magnetic media, on which I had relied for verification, were 
capable of an interpretation more in accordance with the older 
theories: and noticing that his investigation of compression* 
would, under certain conditions, be decisive, I ventured to ask 
him for some particulars. He has repeated and amplified 
the experiment f with the conditions modified in order more 
completely to test the results of § 53. I here wish to express 
the deepest seuse of gratitude to Prof. Quincke for the ex- 
tremely generous manner in which he has allowed me to avail 
myself of his great skill. 

In Part I. attention has been drawn to an inconsistency in 
the work of Maxwell, Helmholtz, and others. A medium when 
magnetised is by them initially regarded as consisting of 
particles with polar properties — of magnetic * doublets,' if a 
hydrodynamical term be permitted. This conception of polar- 
isation will in future be called 'molecular.* On the other 
hand, when the electromotive force round a moving circuit is 
determined, the * induction * or ' magnetic polarisation * is re- 
garded as continuous and completely filling space : it is the 
change in the number of * tubes ' or ' lines ' which is estimated. 
A similar divergence occurs in relation to electric phenomena. 
We may follow Maxwell and regard electric displacement as 
'continuous'; or we may adopt the point of view of Helmholtz 
in his paper on anomalous. dispersion | and suppose that the 
polarisation of a dielectric consists in a slight disturbance of 
its ions. 

• WiedemanrCi Annalen^ xxiv. p. 380, § 68. 
t Sitzungsber. d. Akad. d. Wist, t. Berlin, April 19, 1900. 
X Elektromagnetisobe Tbeorie der Farbenzerstreuang, WUtemchaft, Ahhand. 
lu. pp. 505 — 525. 
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After a study (§§ 3 — 10) of the geometrical and kinematical 
properties of a molecularly polarised medium we have formed 
analytical expressions for Maxwell's fundamental ideas connect- 
ing the line-integrals of force round circuits moving in any 
manner with the fluxes through them. These are the general 
equations of the field ; and those appropriate to molecular 
polarisation are different from the equations corresponding to 
continuous polarisation {cf. equations (22) and (27) with (13) 
and (17)}. The relations between E, H, the electric and 
magnetic forces at a point fixed in the ether, and B', H', 
the forces at a point moving with velocity u through it, are 
also different in the two theories {cf. (14) with (24) and (29)}. 

Lorentz in a second paper* adopts the molecular hypo- 
thesis, but considera only those cases in which the ether is 
stationary, the velocity u of the matter relative to the ether 
is constant, and no electric volume-density, conduction currents 
or magnetic media are present. By a brilliant piece of analysis 
he transforms (Abschnitt v. §§ 56 — 59) the equations of the 
field to those of a stationary system, and obtains (§§ 60 — 63, 
68, &c.) the explanation of the ordinary facts connected with 
aberration. 

The equations of Lorentz are however not suflSciently 
general for application to such problems as Rontgen*s spinning 
disc, reflection from a rotating mirror, or the determination of 
stresses in the field. 

In Part II. we investigate (§§ 19, 20) a transformation some- 
what more general than that of Lorentz already alluded to, 
and then discuss more closely the propagation of plane waves 
through a drifting medium. It is found (§§ 21 — 24) that a 
medium which is isotropic when stationary, behaves when 



* Versuch einer Theorie der electrischen und optUchen Erseheinungen in 
hewegten Kdrpem^ Leyden, 1895. 

l>2 
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moving like a uniaxal crystal whose axis is parallel to the 
direction of drift : the difference of velocity of the two waves 
is of the second order, being 

i(ir-l)u»8in«^/ir*F, 

where 6 is the angle between u and the wave normal. 

Rontgen has shown* that a magnetic field is produced by 
rotating an uncharged glass disc between and parallel to the 
plates of a charged condenser. The molecular theory yields 
(^ 26, 7) a complete explanation. 

In Part III. we have investigated the values of the stresses 
in an electromagnetic field in accordance with several possible 
hypotheses. 

In the determinations of stress made by Maxwell, Helmholtz, 
Barchhoff, and Lorberg considerations have been neglected which 
appear to us of some importance. If we are discussing the 
magnetic stresses in an electromagnetic field and suppose a 
displacement efifected, there will be changes in the conduction 
currents and electric forces whose intensities will be propor- 
tional to the velocity of the displacement. The result is a 
rate of redistribution of energy which will be comparable with 
the rate at which the work is done by the stresses: and it 
cannot therefore be satisfactory to consider merely the changes 
in the magnetic potential energy of the system. 

Another doubtful method is that of postulating the me- 
chanical effects of the field and then finding stresses which will 
account for them. This process may be illustrated by consider- 
ing a magnetostatic field containing permanent magnets but no 
bodies with susceptibility. If the stresses consist of tensions 
H^/Stt along lines of force and pressures H'/Stt at right angles 
to them (a), 

• WUd. Ann* XXXV. p. 264, 1888 : xl. p. 93, 1890. 
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the rate at which work is done by the stresses whea the velocity 
at any point is (u, v, w) is, in Maxwell's notation, 

This transforms by Green's theorem to 

^j dSXu[l(a'^l3'-"f)'^m. 2afi + n.2ay}\ 

4- J- I dv (i^a + V)8 + ^7) («« + )8y + 7«), 

where numbers 1, 2 indicate values inside and outside the 
magnets. It is easily seen that the surface integral expresses 
the rate at which work would be done by surface-forces equal to 

where v is the surface density : the volume integral corresponds 
to an internal force ctr, ySr, 7T, per unit volume, where t is the 

volume density (13). 

On replacing t by — (Ag + -By + Cg) the rate of doing of work 
transforms to 



-^ ld8{a^'\'^ + 'f}l(lu-\-mv + nw) 



+ I dv [lu (AoLg + Boy + Ca^ + Xu^Aa 

+ i2 {wy + V,) (By + Cj3) + i2 K - ^z) (By - C/S)}. 

We now see that the system of stresses (a) is equivalent, in its 
action on a rigid body, to the system of forces (ff), and it is also 
equivalent to the following system : — 

(1) a surface thrust of — [H^jf/STr along the outward normal, 

(2) a force in the interior equal to 

{Aa^ + Boy + Cag, ^/S, + jBy3y + C^„ Ay^ -h Byy -\- Cy^) 
(Le. to IV . H) per unit volume, 
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(3) tensions Aa, B/3, Cy, 

(4) shearing-stresses represented by J (-87 + (7/S), 

(5) couples -B7 — (7)8, &c (7). 

Maxwell states in § 639 of his treatise that the effect of the 
field is the production of the force (2) and the couples (5), but 
he does not consider the possibility of the tensions and shears ; 
clearly however the forces on the two poles of a magnetic 
particle which produce the couples would also produce the 
tensions (3), and similarly the shears (4) may be interpreted. 

Now the system of stresses by means of which Maxwell 
explains (2) and (5) is given in § 641 as 

P«. = a7/47r + Ca, &c (S). 

Thus it is the system (a), together with the tensions (3), shears 
(4) and couples (5). But the result (/S) shows that the system 
(a) cUone will explain the forces and couples which act on a 
rigid magnet taken as a whole. Hence Maxwells system (S) is 
incorrect: for example it will give double as big a resultant 
couple as it should. This statement may be verified by deter- 
mining the couple due to the action of a uniform field of 
magnetic force upon a sphere which is uniformly magnetised 
and is placed in the field with its direction of magnetisation 
perpendicular to the lines of force. 

The error on which we wish to lay stress is that of using 
(in § 639) a method which suggests some but not all of the 
stresses which act on an element of volume : apart from this 
is the incorrectness of determining stresses in the ether, 
which fills all space, from an expression for the energy as the 
volume integral of a function which is zero outside the 
magnet. 

It is found (§§ 34 — 37) that, if the ether is stationary and 
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the polarisations of electric and magnetic material media are 

molecular, the expression 

{B» + (Z - 1) B'» + H« + (/A - 1) H'«}/87r 
as the energy per unit volume yields a system of stresses in the 
ether which agrees with Maxwell's in the case of a stationary 
electrostatic field. It is natural to interpret magnetism as due 
to the description of small orbits by the ions*, the magnetic 
moment of a molecule being proportional to the magnetic force 
acting on it. The relation of the magnetic moment per unit 
volume to the magnetic force will in that case (§ 47) be 
different from the relation of the electric moment to the 
electric force: and the ether-stresses in a magnetic field will 
be different in character from those in an electric field (§§ 50, 
51). On each ion, surrounded as it is by the ether, a resultant 
force will be produced by the ether-stresses. And these re- 
sultant forces acting on the ions, of which the material medium 
is composed, will call into existence the stresses within the 
bodies; when we know the forces on the component particles 
of a material medium per unit volume we can find the stress 
within the body by the application of the ordinary laws of 
mechanics and of the theory of elasticity (§ 42). Thus we find 
(§ 52) stresses at surfaces of separation and in the interior of 
material media which are not Maxwellian, do not involve shears, 
and are consistent with the equilibrium of a fluid medium. 

As Helmholtz pointed out"|", Maxwell's theory labours under 
the disadvantage of giving a finite resultant force 

per unit volume on a stationary element of free ether : in § 50 
this difficulty does not arise. 

* The extended definition of 'ion' on p. 63 would include the 'corpuscles* 
recently discussed by J. J. Thomson {Nature, May 10, 1900 : Phil, Mag,, Feb. 
1900). 

t Helmholtz, Wiss. Abhand, in. p. 531. 
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In ^ 54 — 56 will be found a comparison of the theoretical 
stresses of §§ 52, 53 with observations, chiefly on liquid media, 
made by Quincke and others. The agreement is in all cases 
as close as could be expected in view of the experimental 
difficulties. 

In Part IV. we have tried to ascertain the possibility of 
explaining aberration on the hypothesis that the polarisation 
of material media is continuous, not molecular as is assumed 
in Part II. §§ 19, 20. 

In § 57 it is shown that the velocity of light in a 
medium drifting with constant velocity u through a stationary 
ether is increased by an amount ^u (K — 1)/K, In § 58 in 
oi*der to obtain FresneFs coefficient we are driven to assume 
that under these conditions the ether is dragged by the 
material medium with velocity u (if — l)/(ir+l): the ordi- 
nary facts of aberration are then explained (§§ 59, 60), for the 
directions of rays prove to be governed by the same laws as in 
the theory of Lorentz. 

As might be expected, Rontgen's experiment with the 
spinning disc is decisive between the theories of molecular 
and continuous polarisation. Its explanation on the latter 
hypothesis is impossible if there is relative motion between 
the earth and the ether, and this is an inevitable part of the 
assumption of § 58. 

We have availed ourselves of the system of Vector Algebra 
introduced by Heaviside and adopted by Lorentz and Foppl*: 
its use appears to give distinctly greater insight as well as 
greater brevity. A table of vector notation and formulae is 
appended, as well as a list of symbols used for expressing the 



* FSppFs EinfUhrung in die MaxwelVsche Theorie der EUkiriciUit contains 
in its first section (pp. 5 — 88) an extremely good introduction to vector algebra. 
See also Heaviside*s Electromagnetic Theory, Vol. i. ch. m. 1893. 
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physical quantities involved. The units employed are those 
adopted by Hertz* 

An attempt has been made to acknowledge indebtedness by 
giving references whenever assistance has been consciously 
received : where omissions have inadvertently been made, the 
largeness of the literature of the subject must be my excuse. 

♦ Hertz, Oes. Werke, Vol. n. p. 213: 'Electric Waves,' p. 199. 

GILBERT T. WALKER. 

Trinitt College, Cambridge, 
May 14, 1900. 
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VECTOR NOTATION AND FORMULAE. 

If the components of a vector are denoted by -4,, ila, -4, 
when the vector itself is denoted by A or by (Ai, A^, -4,), we 
have the following scheme : — 

AB = the scalar product of A, B 

= A^B, -f A^B^ + ^1,^8 = BA, 

[AB] = the vector product of A, B 

^(A,B,-A,B,, A,B,-A,B,, A,B,-A,B,) 

= -[BA] I, 



A [BC] = B [CA] = C [AB] = 



A.I ^s Ji^ 
Bi jBj jBj 
Gj Cj Cj 



II, 



[A[BO]]=B.OA-O.AB 

^ _( d d d\ 
\dU' d^' d~z)' 

A' B. T7A dA^ dA^ dA^ 
div A = V A = -j — h J + -J— 

ax ay dz 



III. 



IV. 



I . ro«-i (dAt dAi dAi dAt dA^ dAA 
curlA = [VA] = (^-^--^. -. -. -\ 



dy dz ' dz dx * dx dy ) 



V. 



AV 



div [AB] = B curl A - A curl B VII, 

curl [AB] = A div B - AV . B - B div A + BV. A VIII, 



B 



_( dBi ^ dB, , ^ dB, 



+^"^ 



+A, 



. dBi . dB^ J 



da;' 
dB» 



dy ■ "' dy ' 

^'lb'^^'~dl'^^ 
= AV . B + [A curl B] IX. 



dy 

dz ^ dz ^ dz) 
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TABLE OF NOTATION OF PHYSICAL QUANTITIES. 

Vector ComponentB Meaning 

B a, b, c Maxwells ' magnetic induction ' 

= fjJH + 47rl. 

O p, 9, r Conduction cuiTent. 

D X, ^, SS 4i7r X (Total electric polarisation ex- 

clusive of permanent charges) 

= B + D'. 

D' X', ^', 5S' 47r X (Induced electric polarisation of 

material medium) 

= (if-l)B'. 

E X, Y, Z Electric force at a point fixed relative 

to the ether. 

B' X\ Y\ Z' Electric force at a point fixed relative 

to the moving material medium. 

B'' Z", Y\ Z" Electric force at a point moving with 

velocity v!\ v'\ w", 

P B, H, Z Mechanical force per unit volume. 

Q- H, JW, iS ^TT X (Total magnetic polarisation ex- 

clusive of permanent magnetisation) 

Ot %\ jfWy iS' 4^ X (Induced magnetic polarisation 

of the material medium) 

= (m - 1) H'. 

H Ly M, N Magnetic force at a point fixed relative 

to the ether. 

H' L\ M\ N' Magnetic force at a point fixed relative 

to the moving material medium. 



XVI TABLE OF NOTATION OF PHYSICAL QUANTITIES. 

Vector Components Meaning 

H" Z", M'\ N" Magnetic force at a point moving with 

velocity w", t/', w". 



{ 



A, B, C Intensity of permanent magnetisation. 

ef , erf, ef Moment of an electric doublet. 

^?> ^V» ^? Moment of a magnetic doublet. 

P' Q. ^ i^rf^^J- 



Q ^, <B, m 4^[»<»]- 

u u, V, w Velocity of matter relative to the free 

ether. 



p\ a Volume and surface densities of the 

electricity of the induced polarisa- 
tion. 

p, <r Volume and surface densities of the 

permanent electric charges. 

t\ V Volume and surface densities due to 

induced magnetisation. 

T V Volume and surface densities of per- 

manent magnetisation. 
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PAET I 

General Theoky. 

1. The conception which Faraday introduced of an electro- 
magnetic field as traversed by lines of electric and magnetic 
force, has, during the last forty years, proved extremely fertile 
of resulta 

But the extraordinary success with which Maxwell developed 
the idea has itself led to the obscuring of several inconsistencies 
in his work. And it is one of these that delayed the appearance 
of an explanation, in electromagnetic terms, of the phenomena 
connected with aberration until the year 1892. 

In the statement of the fundamental laws given in his 
collected papers (Vol. ii, p. 138), Maxwell defines the number 
of lines of magnetic force, whose rate of decrease through a 
circuit determines the electromotive force round it, as the 
surface integral of magnetic intensity multiplied by the co- 
efficient of magnetic induction. If the region be mapped out, 
in the ordinary manner, into tubes of force, the polarisation of 
a medium of permeability fi may thus be regarded as existing 
in tubes or lines, and the measure of the polarisation is fx times 
as great as if the same distribution of tubes of magnetic force 
existed in empty space. 

Again, in his Recent Researches, § 8, J. J. Thomson gives a 
definition fi-om which we quote the following : — 

" Let A and B be two neighbouring points in the dielectric, 
let a plane whose area is unity be drawn between these points 
and at right angles to the line joining them, then the polarisa- 
tion in the direction AB is the excess of the number of the 

w. 1 



2 GENERAL THEORY. [§ 1 

tubes which pass through the unit area from the side A to the 
side B, over those which pass from the side B to the side A" 

He shews that if the polarisation be /, g, h and if the tubes 
be moving with a velocity denoted by u, v, w, then, due to the 
motion solely, there will be a rate of change given by 

dt \ dx dy dz) -^ \dy dz) ^ dy dz' 

On the other hand, in §§ 382-3 of his treatise, Maxwell 
explains the polarisation of a magnet as consisting in the 
possession by its particles of equal and opposite properties at 
the ends of a certain axis through the particle: in fact the 
particles resemble "doublets" in hydrodynamics. 

These two conceptions of polarisation will, in fixture, be 
spoken of as " tubular " and *' molecular " respectively. 

Exactly the same remarks apply to electric polarisation. 
The " displacement " is equal to the electric force multiplied by 
K/isTT, and is conceived by Maxwell as forming lines or tubes in 
space. Increase or diminution of displacement is equivalent to 
an electric current, and the line integral of magnetic force round 
any circuit is equal to 4nr times the " total " current through it, 
where by " total " current is meant the increase in the number 
of tubes of displacement plus the conduction current. 

On the other hand, the conception of the state of a dielectric 
as one of " molecular " or " doublet " polarisation is suggested in 
§ 60 of Maxwell's treatise, and has gained enormously in proba- 
bility through the fact that a modification of it affords an 
explanation of the anomalous dispersion of light. 

It may be easily verified that the equation of electrostatic 
potential, 

obtained on the displacement theory follows at once if we 
suppose that molecular polarisation exists in a dielectric, 
and that its electric moment per unit volume is eE where 
iT = 1 + 47r6. This may be deduced in the following manner 
from the corresponding case in magnetism : — 

Consider a medium which has permeability fi {=(1 -\-4f7rk)] 



§ 2] ANALYSIS OF POLARISATION. 3 

as well as permanent magnetisation whose moment per unit 
volume is I [=(^1, B, C)}. According to Maxwell's analysis of a 
magnetostatic field, the total intensity of magnetisation will 
then be A;H + I. 

The magnetic induction will be H -h 47r (JfcH + I) or 
/iH + 47rI. The solenoidal condition which the induction 
satisfies is 

div (/iH + 47rl) = 0, 

or 

d ( dn\ d ( dn\ d ( dXl\ , (dA dB dC\ ^ 

'dx[^d^)'d^[^d^)-'TzV'd^r^'^^^ 

and hence V'»^fl + 47rT = (1), 

where t is the volume-density of the permanent magnetism and 
is equal to — div I. 

Now in a complete electric field the total charge must be 
zero, and we may therefore replace true charges p by a fictitious 
permanent polarisation J given by div J + p = 0. If in addition 
a force E sets up an "induced" polarisation eE, an analysis 
exactly similar to that of the magnetic system will yield the 
equation 

V«j^+47rp=0 (2), 

where iT = 1 + 4nr€, 

2. As long as the possibility of relative motion is un- 
considered, the difference between the two points of view may 
remain comparatively unimportant, but with relative motion 
appear discrepancies, one of which we shall now investigate. 

Consider a medium whose polarisation (^, J8, CC) is repre- 
sented by a number of lines or tubes which are not at rest. It 
is required to find the rate of change in the number of lines 
crossing a small circuit, the velocity at any point of which is 
u = (tt, V, w). Let the area of the circuit be initially a, its 
shape rectangular, and its plane perpendicular to the axis 
OX : the number of lines that cross it will at that moment 

beaa. 

At the end of a short interval of time t the centre of the 

1—2 
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circuit will have moved a distance (wt, vt, wt), and the value of 
^ will be increased by 



T 



U + ^^ + ^dy-^^d^J' 



d9 d d 

or T -^ say, if tp = -ji + «^- The circuit is also changing its 
at at at 

size and direction. Due to the increase of area 



'dv dw\ 



(dv dw 
dy dz 

there will be an additional number of lines 

(dv . dw\ ^ 

Due to changes of direction there will be a diminution 

Hence the rate of increase in the number of lines is 

(da , (dv , dw\ ^ (du ^ . du ^\\ 

cf. Hertz, Oes, Werke, Bd. ii, p. 260; Thomson, Recent Re- 
searcheSy pp. 6, 7. 

If (a, iS, ®) = A, the rate of change of A is 

•^ + uV.A + A.divu-AV.u, 
at 

or its equivalent, 

//A 

^ + udivA + curl[Au] (3). 

3. Before determining the corresponding flux through a 
moving area of a substance which is molecularly polarised, some 
preliminary analysis will be necessary. 

It will be assumed throughout that the length of an axis of 
the molecular "doublet** and the mean distance between the 
centres of the doublets are each small compared with the small 
lengths involved in the ordinary determination of the shape of 
a body by means of differential coefficients with respect to the 
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coordinates. In other words, the lengths of the axes of the 
doublets and their mean distances apart are small quantities of 
the second order : in an element of volume, such as would be 
conceived if we were investigating the density of a body or its 
conditions of mechanical equilibrium under elastic forces, the 
number of doublets will be very large. 

In the first place, as regards fluxes and potentials, the effect 
of a doublet is clearly proportional to the strength of its poles. 
Secondly, if we have a doublet of axis 
AB, the diagram indicates that by 
placing pairs of opposite poles at C, 2), 
E equal in magnitude to those at A, -^^ 
B, we shew that a doublet AB may 
be replaced by the doublets AC, CD, 
DE, EB ; hence, as regards their axes, 
the doublets obey the vector law. 

It follows too, from the case in which AC DEB is a straight 
line, that the effect of a doublet is proportional to the length of 
its axis as well as to the strength of its poles ; that is, the effect 
varies as the moment. If we replace each doublet by its com- 
ponents parallel to three rectangular axes, we may obtain the 
effect of a polarised body by adding the effects due to three 
superposed bodies whose polarisations are respectively parallel 
to the three rectangular axes. Let us consider one of these, 
that with its doublets parallel to OX, The intensity of 
polarisation at any point may be defined by taking a small 
volume at the point and summing up the moments of the 
doublets whose centres lie within the volume : the intensity of 
polarisation is the limit of the total moment divided by the 
volume. 

4. We shall now prove that when the doublets are 
arranged according to any continuous law, this definition is 
equivalent to the following: — 

If an element of area a be taken, the axes of a certain 
number n of the doublets will cross the element (i.e. the line 
joining the poles of any one of these n doublets will cut the 
plane of the element in a point within the element and 
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between the poles) : the intensity of polarisation in the direction 
of the normal to the element of area will be a quantity ^ such 
that J^a is equal to the algebraic sum of the charges on those 
poles of the n doublets which lie on the same side of the 
element of area a as the normal in question. 

We shall first discuss the case in which all the doublets 
have axes which are the same in direction and in length. Let 
this direction be that of OX and let the common length of axis 
be L By our former suppositions, a diameter of a will be of the 
first order of small quantities, while i is of the second order. 

Consider the cylinder, of length I and cross section a, which 
is bounded by two planes parallel to YOZ, distant ±^l from 
the element of area a, and by generators parallel to OX drawn 
through points on the margin of the element. 

Since the length of the axis of any doublet is equal to the 
length of this cylinder, it is obvious that the doublets whose 
centres lie within the cylinder are identical with the doublets 
whose axes cut the element a. But by the second definition the 
total strength of the poles on the positive side of these is ^a, 
and the total moment is ^la. Hence the sum of the moments 
of those doublets whose centres lie within the cylinder of 
volume l(x is ^la. 

This cylinder is of length small compared with its diameter : 
but by combining a number of cylinders of cross section a and 
length I with their ends in contact we can form a cylinder of 
length L comparable with its diameter: and to this the first 
definition is applicable. Its volume will be La and, the 
polarisation within it being sensibly uniform, the sum of the 
moments of the doublets whose centres lie within it will be 
^La, Thus if ^ be defined in the second manner the result is 
in accordance with the fii'st definition. 

When the polarisation consists of doublets whose axes are 
the same in direction and diflferent in length, the definition 
holds for those doublets whose length of axis is between I and 
I + dly where dl is an increment small compared with L Hence 
by integration with respect to I we see that the two definitions 
are equivalent for this case also. 

When the directions of the axes of the doublets are diflferent, 
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we replace each of them by its components parallel to the axes. 
The doublets parallel to OY, OZ will contribute nothing to the 
sum of the poles on the positive side of an element A parallel 
to the plane YOZ: and the doublets parallel to OX will con- 
tribute ^A where ^ is the component along OX of the 
intensity of polarisation according to the former definition. 

By taking the element of area and the axis OX in various 
directions we establish the complete equivalence of the two 
definitions. We see too that the latter definition gives a 
quantity obeying the vector law. 

Another proof of the equivalence may be deduced from the 
comparison of equation (15), § 402 of Maxwell's Electricity and 
Magnetism, Vol. ii, with his definition of intensity of magnet- 
isation, §§ 384, 385. 

5. Consider once more a body whose polarisation is parallel 
to OX. If the strengths of the poles of a doublet whose 
centre is at x, y, z ai'e denoted by ± m (x, y, z), and if the 
length of the axis is ^, then summing over a small volume dv, 
2^ (x, y, z) = ^dv. 

Let us first suppose that f is constant and m variable 
through the body. Then at x']/z we shall have positive poles 

of strength m [a;' — |, y', /) and negative poles of strength 

-m(a/ + ^, y\ zj] or, in all, - ^ ^ ni (xi/z'), neglecting 

squares of f. 

The total strength within a volume dv will be 

The extension of this result to the case in which f varies 
from point to point is a corollary that follows immediately 
from § 3. 

Hence from the three superposed bodies to which a body of 
polarisation (^, 18, ®) is equivalent, we find that in the 
general case the volume density is 

dx dy dz' 
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It is interesting to obtain this result from the second 
definition, that of § 4. 

Consider the region included within a finite closed surface 
8. The total charge inside S is contributed by those doublets 
whose axes cross the surface : the equal and opposite poles of a 
doublet lying altogether within the region will, when taken 
together, not affect the sura. Now corresponding to an area 
dS the sum of the poles inside the surface is {l^-\-7n!i5+n(B)dS 
where Z, m, n is the inward normal : hence the total charge 

within the region is I dS (l^ -f mid -f nffi) or — / dv div A, 

where A = (gl, 90, ®). 

Since this result is true for any region whatever, the 
volume density must be — div A. 

6. In the case of an electrolyte, the application to it of 
electric force drives the two kinds of ions in opposite directions. 
We obtain then a portion of fluid in which ions of one sign will 
preponderate. The mean charge of electricity per unit volume 
may in such a case, not being zero, be represented by p, and if 
the fluid is in motion with velocity u, v, w, we may describe the 
motion of the charges as a *' convection current " of components 
pu, pv, pw. 

For analytical purposes we may assume that at a point of 
space there are conduction currents in addition. In that case, 
the total volume density being 0, if we consider a fixed closed 
surface 8, and denote by />, q, r, the conduction currents, and 
Z, m, n the normal drawn into the volume enclosed by 8, 

I 0dv = rate of increase of charge 

= I (Zp + mq + nr) d8 

4- 1 {Ipu + mpv -f npw) d8. 
But, from Maxwell's Theory, if the displacement is (/, g. A), 

j 0dv=^- I (//+ mg -f nh) dS, 
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Hence, eliminating 0, 

{lU-\-mV-\-nW)dS^O, 



I 



where lT=/-{-p -{-pu, V^g -{- q -{-pv, W = h-^r -\- piv. 
Therefore over any volume, 



/ 



div Vdv = 0, 



and U is solenoidal, where TJ = (U, V, W). 

The similarity between the fundamental relations of 
electricity and magnetism shews that the total magnetic 
current, if solenoidal, must include the convection current. 

Now, as we shall subsequently see, the equations of the 
field express in all cases the equality between the total electric 
or magnetic flow through a circuit, and the curl round that 
circuit of magnetic or electric force multiplied by a constant 
depending on the units chosen. But the divergence of the 
curl of a vector is zero. Hence the divergence of the total 
electric or magnetic flow must be zero, and the convection 
currents must be included. 

The physical existence of these currents has been verified 
experimentally by Rowland and others. 

7. We shall now investigate the convection currents due 
to the motion of the magnetic or electric poles which form the 
doublet polarisation of a medium. 

In the first place let us suppose that the axes of the 

doublets undergo variations, their centres remaining fixed. 

When the component ^ of the polarisation (^, J8, ®) becomes 

^ + S^ this implies that there is a change in the doublets 

which cross a small area parallel to YOZ: further 8^, fi-om the 

second definition, may be obtained by finding the algebraic 

sum of those charges which move through the area from its 

negative to its positive side and subtracting from this sum the 

algebraic sum of the charges which move across the area in the 

negative direction. But the result so obtained is clearly the 

flow of electric or magnetic matter through the area. Hence 

d^ 
in this case the rate of flow is rr. ' .- - . • 

dt 



» • 
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8. Let US consider the flux due to motion with a velocity 
which is a continuous function of the coordinates. 

Suppose a distribution of equal positive magnetic poles of 
which the volume density is t^. If the pole at any point has the 
velocity u at that point, then the flux per unit area through any 
small fixed circuit will be the component along the normal of 
the vector TjU. If each point of the circuit is moving with a 
velocity u", which like u is a continuous function of the 
coordinates, the flux through it will be the normal component 
of Ti (u - u"). 

Suppose that in addition to the above magnetic poles, we 
have a distribution of poles which are numerically equal to 
them in magnitude but opposite in sign, and that the volume 
density of these is — Ta. Their velocity being u the flux will 
now be (tj - Tj) (u - u'') or t' (u - u''), where t (= Tj - t^) is 
the resultant volume density. 

The distribution of the poles is at present unrestricted : all 
that we have assumed is that the velocity of the pole at any 
point is the continuous function u. We are free therefore to 
suppose that the distribution consists of magnetic doublets. 

In that case, however, the fact that the poles of a doublet 
have the distinct velocities u of their respective positions will 
in itself involve a time-rate of change in the moment M of the 
doublet. If the poles are of strength ± m, and the axis has 
projections f, rj, f, then when the centre has moved a small 
distance uBt, the projections of the axis will have become 

Now M = (mf , mrj, mf) and the moment will thus, in vector 
notation, have components mf + St . MV . u, mrj + St . MV . v, 
m^ 4- St . MV . w : hence M will be changing at a rate MV , u. 

Let the intensity of magnetisation be O'/^ir : then 47r 
times the moment of the doublets within a small volume &> 
will be ft)0': and if the poles of all the doublets have their 
several velocities u, the doublets that were in the volume q> 
will after a short time Bt have a moment 

- ^ a> (O' + Se . O'V . u)/47r. 
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Also 47rT' = — div O', and 47r times the consequent flux 
through a circuit moving with velocity u" will be the com- 
ponent normal to the circuit of (u" — u) div O'. 

9. Hence if, by means of § 7, we correct this flux for the 
changes in the moments of the individual doublets we arrive at 
the following conclusion : — 

If the centres of the doublets are displaced with velocity u 
and their individual moments are not altered in magnitude or 
direction (i.e. each doublet is moved as a rigid body without 
rotation), then 47r times the flux through a circuit moving 
with velocity u" will be the normal component of 

(u"-u)divO'-0'V.u (5), 

Now O' represents, by definition, 47r times the moment 
per unit volume : and the doublets which occupy volume q> will 
at the end of an interval ht occupy volume (iD(l -f S^.divu), 
their total moment, according to § 9, remaining unaltered. 
Thus the mere change in the relative position of the doublets 
will add to O' an amount SO' given by 

0) (1 + 8^ div u) (O' + 80') = wO' ; 
and 80' = -8^.0'divu. 

If then the moment per unit volume is to remain unaltered 
we must allow for the geometrical expansion by giving O' a 
time-rate O'divu. This will yield a corresponding flux, and 
from (5) we deduce the conclusion following: — 

If the medium moves with velocity u and the moment per 
unit volume remains unaltered, then 47r times the flux through 
a circuit moving with velocity u" will be the normal com- 
ponent of 

(u"-u)divO'-0'V.u4-0'divu (6). 

10. Another consequence of the change of volume may be 
conveniently noted at this point. 

We can conceive two modes in which the susceptibility of a 
medium may be conceived. According to the ordinary defini- 
tion, the susceptibility is the ratio of the magnetic moment of 
the medium per unit volume to the magnetic force (a). 
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On the other hand we might have a medium so constituted 
that it is the individual magnetic doublets whose moments bear 
constant ratios to the magnetic forces acting on them ...()8). 

In the case of media at rest, the distinction between the 
two conceptions is unimportant. But if a medium of the 
second type undergoes distortion, the susceptibility, as defined 
in the ordinary way and dependent on the moment per unit 
volume, will undergo variation. 

Let a medium of this second type be subject to magnetic 
force H', and let O'/inr, its moment per unit volume, be equal 
to kHf, so that k is the susceptibility according to the usual 
definition. Suppose, as in § 9, that the centres of the doublets 
are moving with velocity u and that their individual moments 
bear a ratio to H' which remains constant. Then the doublets 
which at the commencement of the short interval of time St 
occupied a volume &> had then a moment AtH'cd. After the 
interval Bt the moment of these doublets will be AtH/cd, where 
"ELi represents the value of H' after the interval. But the 
volume occupied by them will be &> (1 -f S^ . div u). 

Hence the moment per unit volume will bear to H/ the 
ratio k + SA;, where 

(k + bk) H> {1-hSt. div u) = JfcH>, 

i.e. SA = — kSt . div u. 

Thus the distoiliion causes in the susceptibility, if defined in 
the ordinary manner, a time-rate of change given by 



Hence too 






jj: = -(^-l)divu (7). 



11. We shall now consider the electric forces in action 
upon a conducting wire which moves through a magnetic field. 

If the magnetic induction B is regarded as occurring in 
lines or tubes, and if there is no distribution of permanently 
magnetised matter in the neighbourhood of the wire, then 
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Maxwell's treatise gives as the expression of Faraday's Law 

(§598) 

T> , dF dylt 

dt dx 
or E' = E + [uB], 

where E' is the force on the moving conductor. 

In his investigation of the forces in a moving body, Hertz 
follows Faraday in equating the line integral of electric force 
round a circuit, moving at each point with the matter, to 47r/F 
times the rate of decrease of the number of lines of magnetic 
polarisation that cross the circuit. In his expression for the 
rate of decrease he does not explicitly introduce any rate of 
change due to motion on the part of lines of induction of the 
kind pointed out by J. J. Thomson {Recent Researches, § 9). 
The rate of variation due to such motion would be included by 
Hertz in the differential coefficient of the polarisation with 
respect to the time. 

Hertz finds from the consideration of a moving circuit, in 
accordance with MaxwelFs ideas (Maxwell's Papers, ii, p. 138), 
that if E', H' be the forces at points in the moving body, and 
(3f, |&, ®)> (1, i(W, i3) be the complete electric and magnetic 
polarisations, 

d\ ^ ^ [dv , dw\ joitdu j^ du jj fdY' dZ'' 

W^^Kd^-^d^J'^d^'^di^^K-di^-d^ 

In vector form, if (X, ^, SS) = D and (1, iftt, jS) = O, 

do 

^ + uV.O + Odivu-OV.u = -FcurlE' ...(8). 

This equation will sometimes be written in the form 

^=-FcurlE' (9). 

But 

O div u — OV .u — udiv04-uV.0 = curl [Ou], 

da 



or 



dt 

da 

dt 



-f u div O + curl [Ou] = — F curl E', 
+ udivO=-Fcurl(E' - 1 [uO]) (10). 
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Similarly, if the conduction current is C, 

^+47rC = FcurlH' (11), 

or ^ + udivD + 47rC = Fcurl(H'+y[uD]V..(12). 

Now H, E are forces exerted on a point at rest, and if we 
consider a circuit fixed in space, we must include the convection 
currents up, ut (where p, t are the permanent electric and 
magnetic volume densities as distinct from p\ t due to the 
induced polarisations). Thus 

—J- + 47rUT = - Fcurl 

^ ^ (13). 

-1- + 47rup 4" 4'7rC = Fcurl H 

The theories of Maxwell and Hertz (Oes, Werke, ii, pp. 226, 
265 : 1895) give us div D = 47rp ; and similarly, div O = 47rT. 
Hence, comparing (10), (12), (13), 

E'=E+^[uO]^ 

H'=H-i[uD] 

These analytical results are capable of a geometrical and 
also of a physical interpretation. 

In the first place if E, H, D, G are regarded merely as 
vectors connected by the relations implied in (13), then we have 
geometrical connections between the line integrals round a fixed 
circuit of the tangential components of E, H and the fluxes of 
certain quantities through the circuit. The equations (9), (11) 
shew that corresponding geometrical relations exist when the 
circuit is moving with velocity u at each point, provided that 
we take the line-integral of E', H' (as defined by (14)) instead 
ofE, H. 

The fact that E', H' are vectors, and are at each point 
independent of the direction of the circuit at that point, suggests 
the physical interpretation (cf. Maxwell, § 598). Since the 
electric or magnetic force along the tangent to the moving 
circuit is the component of E' or H' obtained by resolving 



.(14). 
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along that tangent, it is natural to regard E', H' as the forces 
which would act on a particle moving with velocity u and 
possessing a unit charge of electricity or of magnetism. 

In order to distinguish E', H' from E, H, which give the 
force acting on a particle fixed in the ether, we shall call E', H' 
the " forces at a point moving with velocity u." 

12. Let us now investigate the forces E", H'' at a point 
moving with velocity u'\ v'\ vf\ Considering a small circuit 
whose velocity at each point is the value of u" at that point, we 
find as the increase in the number of lines of electric polarisa- 
tion, 

^ + u"V.D + Ddivu"-DV.u^ 
at 

and hence, adding the conduction current and a convection 
current through the circuit of amount (u — u") p, we have 

^ + u'' div D + curl [Du"] + 47r {(u - u'O p + C} = F curl H", 
.-. ^ + u div D + curl [Du'T + 47rC = V curl H". 

But ? + u div D + 47rC = Fcurl H. 

at 

Hence all the conditions are satisfied by the value 

H" = H-i[u"D] (15). 

Similarly, in order that the line-integral of electric force 
round a circuit moving in any manner may be equal to — 47r 
times the total magnetic current through it, 

^ + u div O + curl [Ou"] = - Fcurl E'', 

.-. E'' = E + i[u"0] (16). 

As in the previous section, we interpret E", H" as the forces at 
a point moving with velocity u". 



16 GENERAL THEORY. [§§ 13, 14 

13. In the case of a piece of iron magnetised by induction, 
if the ether and the matter are at rest, it is natural to speak of 
the polarisation as consisting of H/47r in the ether and 
(ji — l)H/47r in the matter. So in general, whether the ether 
and the matter are at rest or moving, the electric and the mag- 
netic polarisation may be each regarded as consisting of two 
portions, one in the ether and the other in the matter. After 
obtaining in § 598 the electric force (or, as Maxwell calls it, the 
" electromotive force ") on a moving element, he says : — 

"If the body is a conductor, the electromotive force will 
produce a current ; if it is a dielectric, the electromotive force 
will produce only electric displacement." 

If E' is the electric force that would tend to set up 
conduction currents in the body, it would be gi-atuitously 
paradoxical to assume that 47r times the polarisation in the 
body.instead of being (if- 1)E', were (ir-l)E or (^-1)E^ 

Similarly the polarisation in the ether will be equal to the 
force on an element fixed in the ether. Thus if the ether is at 
rest, and the matter has velocity u, 



= H + (/A-l)H' 
D=E + (Jf-l)E' 

If the ether and the body have the same velocity w, 



(17). 



= H'+(/.-l)H'= /.H' 

D=E' + (Z-l)E' = iirE' ^ ^ ^' 



as with Hertz. 



14. We shall follow Maxwell in regarding the polarisation 
in the ether as "continuous" or "tubular": but the polarisation 
in the material medium will now be regarded as occurring in 
doublets. 

Let the ether be treated as stationary and the material 
medium as having velocity u: then 47r times the flux of the 
electric polarisation in the ether through a circuit moving with 
velocity u" will be 

^, + Edivu"-EV.u": 
at 
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here 

We have seen too, that if the intensity D' of polarisation of 
the medium remain unaltered, 47r times its contribution to the 
flux will be 

(u" - u) div D' + D' div u - D'V . u. 

But 47rD' = (iT— 1) E', 80 that instead of being constant D' will 

have a time rate —7 — -rrr ' and this quantity must be added 

to obtain the actual flux. Hence the flux of polarisation mul- 
tiplied by 47r is 

^ + B div u"- EV.u"+ {K - 1) I'JV E'div u - B'V.u 



+ (u"-u)divE'|. 



For the total flux we must add the conduction current C and 

the convection current due to any volume density p of electricity 

independent of the polarisation ; this will be regarded as lodged 

in the medium and moving with it. The consequent addition 

will be 

C + (u-u")p 
where 

div E = 47r (total density) = 47r (/>' + p) 

= — div D' + 4iTtp ; 

.-. divD=:47rp (19). 

Thus we shall have 

^ + Edivu"-EV.u"+(ir-l)j^ + E'divu- B'V.u 

+ (u" - u) div E'l + 47rC 4- 47r (u - u") p = F curl H", 



or, 

dB 
df 



? + Edivu"-EV.u"+(u-u")divE+(£'-l)|^'+E'divu 

- B'V.uj + 47rC = Fcurl H" (20). 

w. 2 
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Taking u" as u we have, on simplifying, 

^ + Ddivu-DV.u + 47rC=FcurlH' (21) 

at 

as in the case in which the material polarisation was "con- 
tinuous," not " molecular." 

Taking u" as zero, we have 
^ + u div B + (Z - 1) ffi + B'div u - B'V.ul 

+ 47rC= FcurlH (22). 

Thus 

Fcurl(H''-H) = u"V.E + Edivu"-.EV.u"-u''divB 

= curl [Bu"], (by formula VIII) 
leading to 

H'' = H + ^[Bu''] (23). 

Similarly 

H' = H+i.[Bu] (24). 

If we regard the magnetic polarisation of the material 
medium as related to the magnetic force in exactly the same 
manner as is the case with electric polarisation, we obtain the 
corresponding equations : — 

^ + Hdivu''-HV.u'' + (u-u")divH 

+ (;t-l)|^ + H'divu-H'V.ul = -FcuriB"...(25) 

f.aa..-av.« -rcuH.....(.e) 

dH. 
dt 



+ udivH + Ot-l)— ^ + H'divu-H'V.u[ 

= -FcurlE...(27) 

divO = 47rT (28). 

Hence 

B" = B + ^ [u"H], and E' = B + ^ [uH] . . .(29). 



+ udivH+(/A-l)|^' + H'divu-H'Vul = -FcurlB''. 
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15. If the polarisation of the stationary ether as well as 
that of the moving material medium had been supposed to be 
" molecular " we should have obtained the equations : 

^ + u^divB +(iir- 1) j^' +(u"- u)divE'+E'div u- E'V .ul 

+ 47r (u - u") p + 47rC = V curi H'', 
reducing to 

^ + udivB + (Z-l)ffi' + E'divu-B'V.ul 

+ 47rC= FcuriH'', 
and 

dt 

On replacing u" by u or by zero, the left sides of the last two 
equations remain unaffected, and it is seen that the above 
hypothesis leads to 

E'' = B' = E I 

h" = h'=h} ^^^^• 

16. We have now three hypotheses leading to the three 
equations (§ 11, (14); § 14, (29) ; § 15, (30)) 

E'=E+l[uO] (a), 

B' = B+^[uH] (y9), 

B'=B (y\ 

of which the last is certainly contradicted by the experiment 
of observing the electric force on a wire moving through 
a magnetic field. 

In a discussion of the mechanical force on a piece of iron 
carrpng an electric current (Phil. Mag. 46, p. 154, 1898), 
J. J. Thomson shews that both (a) and (fi) may be reconciled 
with Maxwell's theory. 

As we shall see later, the hypothesis which leads to (a) is 
negatived by the facts connected with aberration and with 
several other phenomena. 

2—2 
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It will be noticed that hitherto no assumption has been 
necessary as to the rest or motion of the tubes of force. We 

have indicated by -^ and -rp the time rates of change at a point 

at rest and at a point moving with velocity u, and any changes 
in the polarisation due to possible motion have been supposed 

included in the operations -n, jn?- Hence it follows that 

though Maxwell's discussion of the force on a moving conductor 
is based on the supposition that the tubes of induction are at 
rest, and Hertz believed that the ether had at each point the 
same velocity as the matter there present, their equations are 
reconcileable in form. 



Boundary conditions. 

17. Let us consider a surface of separation between two 
media which have a common velocity u at the interface. The 
polarisation in the ether will be regarded as "tubular": then 
the equations (9), (12) of § 11 for "tubular" polarisation of the 
material medium are identical in form with (21) and (26) of 
§ 14 for "molecular" polarisation of the material medium. 
And as it is on these equations that the following analysis 
depends, the results obtained will be independent of the 
nature of the material media in question. 

Let us take the origin in the bounding surface and OZ as 
drawn along the normal into the second medium. 

The surfieu^e of discontinuity may be regarded as the limiting 
case of an indefinitely thin transition-layer in which the quan- 
tities involved change rapidly but continuously (cf. Hertz, 
Ges. Werke, ii, pp. 220—223, § 8, pp. 271, 2, § 5). 

Within the region of change the forces E, H, B', H' may be 
regarded as finite, but differential coefficients with regard to z 
may become very large when the transition-layer is very thin. 
Since n is continuous at the boundary its diflferential coefficients 
with respect to x, y, z will remain finite. 



§17] BOUNDARY CONDITIONS. 21 

The equations within the region of transition will be, if 
1> = (X, W> ^) as before, 

^ +Xdivu-DV.i* + 47r;) = F(J\r;-if;)...(31), 
^ +|gdivu- DV. t; + 47r? =F(Z:-iV:) ...(32), 

^ + SSdivu-DV.u;+47rr = F(if;-Z;)...(33), 

with div D = 47rp (34), 

and a corresponding set of magnetic equations. 

If we integrate the first equation with respect to z along a 
line which passes from the first medium into the second, we 
have 



/: 



d5{^ + Xdivu-DV.t* + 47rp-FJ\r;j=-F{Jlf'}J, 



and the expression to be integrated is finite. Hence in the 
limit, when the layer of transition is extremely thin, 

lAf'i; = (36). 

Similarly from the second equation 

{L'\l = (36). 

Then (M'^ — L'^) having equal values on opposite sides of 
the interface, the third equation shews that 

|^ + SSdivu-DV.tt; + 47rrl=0 (37), 

and the fourth, on integrating to z, 

{SS}J = 47r(r (38), 

where <r = the surface density of electricity. 

It will be noticed however that these conditions are not 
independent. If the tangential component of H' is continuous 
and the equations which hold within the two media are satisfied, 
then (37) is a corollary. It is possible also to regard (38) rather 
as a definition of surface density than as a new physical law. 
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The magnetic equations give in a similar manner, if 

O = (1L, M, M) as before, 

{X']\ = 0, {¥']]= (39), 

|^^ + ^divu-aV.«;r=0 (40), 

m\=*-^ (41). 

where i; = the surface density due to permanent magnetism. 
As before, (40) is not an independent condition. 

18. These conditions may be applied to the case in which 
K=l, fi = l in the second medium : we shall then be dealing 
with &ee ether in that region. 

If the first medium is a conductor, and the conditions are 
"steady" with no conduction currents existing, then within the 
conductor the force B', which tends to set up currents, must 
vanish. Hence just outside the conductor, the tangential 
component of E' must vanish, and the direction of E' must be 
normal to the surface. (Cf. Heaviside, Electrical Papers, Vol. ii, 
p. 514, footnote; Electromagnetic Theory, Vol. i, p. 273.) 



PAET II. 



APPLICATIONS OF THE THEORY OF MOLECULAB POLARISATION 
OF MATERIAL MEDIA TO THE PHENOMENA OF ABERRATION 
AND CONVECTION. 



19. We shall follow Lorentz* in the introduction of a new 
variable i!\ the "local time," to take the place of H. The 
resulting theorem is more general than his transformation of 
§ 59 inasmuch as it includes electric currents and media pos- 
sessing magnetic susceptibility, as well as media with a specific 
inductive capacity. 

We may commence with a problem in which material 
media are drifting with constant velocity u, a function neither 
of the coordinates nor the time. The polarisation in the media 
being molecular, the appropriate equations will be those of 
§14: referring to axes moving with the media, we find 

^® +(iir-l)^-+47rC= FcurlH' 



dt; 



or 



dH 






S' + 47rC=FcurlH' 
at 



with 



^ = - FcurlB' 
dt 



div D = 47rp, div G = 47rT, 



.(42), 



.(43). 



* Vertuch einer Theorie der electrischen und optitchen Erscheinungen in 
hewegten Kdrpem (Leyden, 1895). This work will in future be alluded to 
without explicit mention of its title. 
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At surfaces of discontinuity where /li, K may change suddenly, 
the vectors 

(B,' — B/), (Ha' — H/) must be normal in direction... (44). 

We have also the dependent conditions that if N represent a 
unit length measured along the normal, 

Further {ND}? = 47rcr, {Ji90r]\ = 47ri; (46), 

where a and v are the electric and magnetic surface-densities. 

Now let t' be replaced as an independent variable by the 
" local time " t" given by 

f = if-{uX'{-vy'{-wz)IV\ 

and let x, y, z be then replaced by equal variables x\ y'\ z'\ 

We shall have |, = J.,, ^ = ^,_ ^^|,, &c., 
ie v = V"-— — 

l.e. V V ^arf^"> 

and we shall distinguish all operators in the new system by two 
dashes. Thus 

divD = div"D-|,(«f) 

= div" D - i (u curl H') + ^, (uC). by (42) 

= div" D + ^ di V [uH'] + ?^, (UC) (47), 

and if squares of u/ Fare neglected, 

div [uH'] = div" [uH] 

= Fdiv"[E'-B]; 

.-. by (47), 4,rp = div" (D + E' - E) + ^ (uC) ; 

.-. div"irE'=4ir{/)-(uC)/r'} (48). 
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Similarly div"/iH' = 49rr (49). 

Now curl H' = curl" H' - ^ Tu ^1 , 

.-. ^ + 47rO = Fcurl" H' - 1 J, [uH], 

.-. J,(ZE') + 4flrO= rcurl"H' (50), 

and, similarly, 

^„(/*H') Fcurl" E' (51). 

Also by Ohm's Law, if the conductivity is denoted by \, 
C = \E'. 

The surface conditions are that the vectors (E/ — Ei')> 
(H,' — H,') shall be normal in direction : hence the normal 
components of [n (E/ — E,')], [u(Hg' — H/)] must vanish. 

But, neglecting squares, we have in each region, 

ifE' = D + i[uH']. 

/*H' = 0-1[UE'], 
and therefore 

{ND}J = [flKH'W, {Na}; = {N/*H'}J (52). 

These quantities are by (46) respectively equal to 4nr<r, 4^v. 

Further the vector N remains constant in magnitude and 
direction, and the equations (52) may be diflFerentiated with 
respect to t' or to tf' : on substituting in (45) we get 

We shall now sum up the results : — 

We commence with a system moving with uniform velocity 
u. The equations of motion are 



^~+47rC=FcurlH' 



(+2), 



26 THEOBY OF THE PHENOMENA OF ABERRATION. [§19 

where D = E+(^-l)B', 0= H + (/ti- 1)H', 

div D = 47rp, div O = ^ttt (43). 

The boundary conditions ai'e : — 

That {E'j; , {11% shall be normal (44), 

with the dependent and superfluous equations : — 

Further {ND}J = 47rcr, {NO)? = Wv (46). 

These equations are transformed by the introduction of new 
variables 

x" = X, y" = y, /' = z, i' = ^' — {lix + vy ■{- wz)/ F', 

and, when squares of u/F are neglected, the above system of 
equations becomes : — 

— >(ZB') + 47rC=FcurrH' (50), 

^,(^H') =-FcurrB' (51), 

div"ifE' = 47r|/)-uC/F«} (48), 

div"/iH' = 47rT (49), 

with C = \B', as before. 

The boundary conditions become : — 

That {E'}J, {H' j; shall be normal (44), 

with the dependent equations 

Further from (46), (52), 

{NZB'} J = 47rcr, {N/tH'}J = 47ri;. 

Consider now the same distribution of material media, 
referred to x', y", z'\ t'\ the media, the ether and the new axes 
being at rest. 

If E', H' denote the electric and magnetic forces at a point 
at rest in the new system, then C(=XE') will be the new 
current and the above set of equations will be the ordinary 
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equations of the field in the new system, except that, by (48), 
the new volume density of electricity (apart iGrom that due to 
polarisation) will be p — uC/F", where p was the density in the 
former case. 

Hence corresponding to a distribution 

E, D, H, O, p, 0-, T, v, C, 

in the case of drift, the time tf being referred to points moving 
with the material media, there will be a distribution 

B', Kli\ H', fill\ p - (UC)/F«, cr, T, i;, C, 

which satisfy the conditions of a system at rest, the time t" in 
this sjTstem being related to t' by the equation 

f:=^t'-{uX'\-vy + wz)IV\ 

The material media involved are the same in all respects in 
the two cases. 

Hence it follows (Lorentz, § 60), that the path of a ray of 
light remains a possible path of a ray, and that the ordinary 
laws of refraction and reflection still hold good when the media 
have a uniform motion. 

From this theorem may be deduced all the ordinary facts 
connected with aberration. Of these one may be taken as an 
example : cf. Lorentz, § 68. 

20. In Airy's "water-telescope" experiment the constant of 
aberration was determined by means of a telescope of which 
the tube could be filled with water. The value of the constant 
when deduced from observations made with the tube filled with 
water, was equal to its value as obtained with an ordinary 
telescope. 

Let us take axes fixed in the ether, and consider the light 
coming from a star which lies in the direction /, m, w. The 
forces may be taken as proportional to e** <*'*+'*+"*«'+****, where 
8 = 27r/(wave length). 

If now the origin be taken at a point possessing the same 
velocity u as the earth, and x\ y\ z\ t be the coordinates and 
time referred to the new system, we shall have t^t\ and 
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x^x -k-ui, y=^y '\r vt\ z = z -{-wt' \ the forces are accordingly 
proportional to 

where V = V+tul (54). 

Now substitute f, x\ y", z" given by 

and the exponential factor becomes 

, r _ l + uT/r* __ m + t;F7F> 
wnere ^„ ^ ^^,, 



^ 7i + wr/V^ ^8" 



n" ^. <^^>' 



Hence each fraction is equal to 

or 1 + VXulJV*, 

or, by (54), l + 2tt//F, 

neglecting squares. But, by (54), (56), 

|/- — A + |/- — ^// > 

as we should expect, from the fact that (55) satisfies the 
ordinary electromagnetic equations for axes at rest. 

Further, by (56) 

c m n 

l + u/V^m + v/V'^n + w/V' 

and by our transformation theorem we know that the ray (55) 
corresponds to the light in the actual experiment. 

Hence if we consider the rays which come to a focus at a 
particular point in the retina of the observer's eye in the actual 
and in the transformed systems, we find that rays coming from 
a star in the direction (Z, m, n) will appear to the observer 
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to have come from a star which, if the earth were at rest, would 
lie in the direction {l'\ m'\ n") given by 

Z + w/F""m-|-i;/F"n + t£;/F* 

Thus the observed phenomena are explained : the direction of 
r, m\ n" is that of the resultant of ( VI, Fm, Vn) and of 
(ti, Vy w) ; further, the period is quickened in the ratio of s" to «, 
or of 

{F+(M/ + tmi + t(m)} to F; 

this is in accordance with Doppler's law. 



Double-refraction of plane waves parsing through a 

drifting medium. 

21. We shall consider a dielectric moving with constant 
velocity u in a direction which we shall take as OX, the origin 
of reference being fixed in the ether. The polarisation in the 
medium will be treated as molecular and the ether as at 
rest. Plane waves are being propagated with velocity U in 
the direction I, m, n. 

Let the components of force be given by 

f i; ? \ /t 1/ 

Then the electric forces at a point moving with the dielectric 
will, by (29). be 

where the exponentials are omitted ; 

.•. div IS' = — is {l( + mri + nf + (jm — mv) uf V}. 

The equations referred to the fixed axes will be {from (19), 
(28), (22) and (27)} : 

div{E+(ir-l)E'j=4ir/> = 0, divH = 4Trr = 0, 
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dX 

dt 

dY 

dt 

dZ 
dt 



1* «• *rr 't\dX ^ fdN 



dy 



dM\ 
dzj' 

dN\ 
dxj' 



-('-»f--(f-f). 



where 



Also 



dt' dt dx ' 



dL 



IL ^ y (dY _ 
dt " \dz 



dY dZ\ 
dyj' 



dJI 
dt 

dN 



= 71"—- 



dZ dX\ 



- 



\dx dz)' 



^r( 



dX dY 



)• 



...(57); 



dt \dy da;, 

Hence we find 

= V(nn — mv), 

Uv +{K-l)(U-ul)(r,-uv/V) 

= V(lv- n\), 

= V{m\-lfi) 

I7,t=F(nf -ZO 

On multiplying the equations (57) by I, m, n and adding, 
we deduce 

K%l^ + {K-l)iijm-vm)ulV='0 (69), 

which is equivalent to the statement that the electric volume- 
density is zero : it may be put into the form 

11{X + (K-1)X'}=0, 

or a + m|g + «SS=0 (60). 



(58). 
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From (58) 

Xf+M^+i/?=Oj ^^^^• 

Also on multiplying the equations of (57) by X, fi, v and 
adding, 

I72Xf-w\2if+(ir-l)(I7-ti02Xf=0. 
Hence, by (61), x2/f = 0, 

and either X = 0, or 2 if = 0. 

22. These cases must be discussed separately. 

I. If X= 0, the magnetic force in the ether, which by (61) 
lies in the plane of the wave-front, is perpendicular to the 
direction of drift. 

II. If2(Zf) = 0,thenby(59) 

therefore the plane which passes through OX, the direction of 
drift, and Z, m, n will contain the line X, /a, v. 

Hence the direction of the magnetic force is either perpen- 
dicular or parallel to the projection upon the wave-front of the 
direction of drift. 

I. When X = 0, we put (59) in the form 

2Zf ^ mv — Tifi 
{K^\)ulV K ' 

and, multiplying the last two equations of (58) by w, — m, we 
have 

I7(w/t-mi;)=F{f-Z2Zf}. 
Hence 

2/f __ mi/ — n/t Ff 

(^-l)u/F""~^~~~-JfJ7 + (ir-l)wr 

On substituting in the first equation of (57) we find, since 
SZ| does not vanish, 

{U-\-{K-l){U-ul)][-KU + {K-^l)ul] 

-(A'-l)t4« + irF> = 0; 
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/. {KU'-(K'l)ulY=KV^-{K-'l)u\ 
and, if V is defined by KV'^ = V\ we have 

For the wave propagated in the positive direction, as far as 
squares of u/ V, 

U=V -\--j^ul^ 2Z^F' ^^^' 

11. When 2 /f = 0, by (59), fin — vm==0; hence by the 
first equation of (57) f = 0. By the remaining equations of 
(57), on substituting for X, /Lt, p from (58), 

Similarly { I7« + (Z - 1 ) ( CT - uiy] f = V% 
and we have the result 

KU^'-2(K'-l)Uul + {K-'l)uH^ = KV\ 

Therefore neglecting squares, for the positive wave, 

^^^ -^-^^^--2K^V' ^^^^• 

23. Hence a uniform isotropic dielectric becomes double 
refracting when it moves through the ether ; and, if be the 
angle between the direction of the drifk and the normal to the 
wave-front, the two possible modes of wave propagation have a 

difference of velocity equal to « i^j — rr, — • To the first 

approximation each obeys Fresnel's law of aberration. 

It may be noticed that the relations between the two modes 
of propagation may be put in another manner. 

The slower wave, I, (62), is characterised by \ = 0, i.e. 
m^ = nrf ; while in II, (63), we have f = 0. 
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Now in (mSS — n|^) the terms multiplied by the exponential 

m^-'nrj-\-(K — 1) (mf + m/iu/V— nrf + nvu/V), 

or K(m^- nri) + (Z - l)(m/Lt + nv) ti/V. 

But by (61), when \ = 0, mfi + ni/ = 0. 

Therefore in I, 

mSS - n|^ = 0. 

Also in general the latter equation of (61) may be put in 
the form \X + fi^ + i/SS = 0, for 

X{f-f(ir-l)f}+^{i7 + (if-l)(i;-t*i;/F)} 

+ i;{? + (if-l)(?+i/^/F)} 

24. Collecting the results, we have 

also /i = 1 so that H = G. 

Hence the directions of the complete electric and magnetic 
polarisations D, G must lie in the wave front at right angles to 
each other. 

Further, there are only two modes in which propagation is 
possible. In Case I, corresponding to the slower velocity, the 
total electric polarisation is parallel to the projection of the 
direction of drift upon the wave front, in Case II, it is per- 
pendicular to it. For the magnetic polarisation the words 
" parallel " and " perpendicular " must be interchanged. 

Rotating Dielectric Plates. 

25. When a charged disc is rapidly rotated, the convection 
currents due to the charges set up magnetic forces which have 
been observed and measured by Rowland and others. {Ber, d. 
Berlin, Acad,, 1876, p. 211 ; Phil. Mag. 27, p. 445, 1889.) 

This result is in accordance with a theory, such as the 
present, which is based on the existence of convection currents, 

w. 3 
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Another experiment due to Rontgen (Wied. Ann, 35, 
p. 264, 1888; 40, p. 93, 1890) consists in rotating an un- 
charged glass disc between and parallel to the plates of a 
condenser. The existence of an external magnetic field was 
detected, but its intensity was not great enough for accurate 
measurement. 

Rontgen tried a further experiment (pp. 267, 8). On the 
hypothesis that the ether has not the same velocity as the 
earth, it is flowing through the glass disc, and is there polarised 
if the condenser plates are charged. It might therefore, Rontgen 
argued, be expected that when the disc is not rotating, there 
would be a magnetic field due to the relative motion of the 
polarised ether. He found, however, that such a field, if 
existent, was too small to be detected. 

We shall discuss this experiment on the hypothesis that the 
glass is molecularly polarised and the ether is at rest ; we shall 
simplify the analysis without sacrificing any essential feature 
by considering the case of a spherical mass of dielectric rotating 
about an axis parallel to the lines of force of a uniform electric 
field. 

26. Let the velocity u" of the earth relative to the ether 
be (^, B, (7), and let the angular velocity of the sphere be n. 
If the axis of rotation be taken as OZ, and OX, OY preserve 
fixed directions, the velocity of any point a;, y, z of the sphere 
will be u = (il - ny, jB + rwr, (7). 

The general equations referred to axes moving with velocity 
u", as stated in (20), p. 17, are represented by 

dX^y.(d^\dw"\ ^du" ^du'\, „^,. ^ 
^, „(dN" dM"\ 



§26] 



ROTATING DIELECTRIC PLATES. 



35 



and here, the conditions having become steady, -i-7>, -rpr t ^y/, 
etc., are zero. Thus, since 

d d , d 

when operating on any of the forcea 

The vahie of fi being unity, the equations which hold inside 
the sphere will be 



-nydivE + n(Z-I)(-y^+.^ + F') 



nx 



dx ' '^ dy 

\ dy dz 

dY' dY' ' 

-i — h X—, X 



) 



dL" dN"' 



divE + n(^-l)(-y 

_ytdL" dJS"\ 

~ \ dz dx ) 

,„ ,,/ dZ' dZ'\ rrfdM" dL"\ 



...(64) 



^rfdY'' dZ'\ 



nx 



dy 
dZ" dX" 



divH=F^?^- 



o = r 



\dx dz 
fdX" dY"\ 
\ dy dx ) 



) \ ...(65). 



For the space outside the sphere the equations are the 
same as inside, except that iT = 1. 

Now there is no distribution of permanent magnetism and 
divH accordingly vanishes. Hence, by (65), curl B" is zero. This 
reasoning holds for space inside and outside the sphere... (66). 

Forces at points within the sphere will be distinguished by 
suffix 1 and those at outside points by suffix 2. 

3—2 
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Let the intensity of the electric field due to the condenser 
be unity, and the radius of the sphere a. Then i{ A, B, C, n 
were zero, we should have 

and H, = 0, Ha = (67). 



w" na 



In the case before us 7^, -y^ are small quantities, and the 

values of E, H, will therefore diflfer only by small quantities 
from the values of (67) (68). 

Also B' = E + ^[uH], 

B" = B+^[u"H]. 

So that, if squares be neglected, 

E' = E, E'' = E. 

Then the permanent electric volume-density being zero, 

div {E + (if - 1) E'j = 0, 

.-. divE = (69). 

Now since by (66) curl E" = 0, we may assume 

3 



= V- 



K-^2 



z + 



<h]> 



where by (68) <f>i, ^j are small functions. Further by (69), 

div E = 0, 

.-. V«<^i = 0, V«<^, = (70). 

The surface conditions are, by (39), (35), (36), that the tan- 
gential components of E', H' shall be continuous; and by 
(38), (41) that the diflference between the normal components 
of total electric and of total magnetic polarisation, D and G, on 
the two sides of an element of the surface shall each be 
constant; this constant must be zero, for the sphere is un- 
charged. 
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Now the values 

satisfy all the surface conditions. 

Hence <^, <^, must obey the following requirements: — 

(1) Within the sphere V^tj^ = 0. 

(2) Outside the sphere V«<^ = 0. 

(3) At the surface the tangential components of V<^j, V<^j 
must be continuous, and also 

j^ d<f>i _ d<l>2 
dr dr ' 

Therefore <^, <^s are the potentials due to a dielectric sphere 
with no electric distribution at any point, and are constants 
which may be equated to zero. 

Further, by the equations (64) for inside space, we obtain 
by substituting for E, its value (0, 0, r^ — ^j , 

curl H/' = 0. 
For outside space we have iT = 1 and div E, = 0, 

.-. curlH," = 0. 
Thus H/' = V©!, Ha"= Vwj, where ©i, (Wj are small functions : also 

H = H" + ^[u"E], 

/. div H = div H'' + y (E curl u" - u" curl E), 

/. = div H", 
.-. V>6)i = 0, V«6)a = (71). 

Also r^U'-'yZ \ 
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J , _ d(Oi 3 njr\ 

w/_dwi 3^ ny 

'~ dy K+2V 



>, 



and X.' = ^'-^(l- 



Af:= 



n:= 



dx V 

dy V\ K + 2T' 



da>i 

dz 

K-la' 
K + ir* 

K-la* 



(«> + y* - 2«») 



^(a? + y'-2^)! 



d6), ny ( JT-l a* \ nx i K-1 a* - 1 



At the surface, the tangential component of H' is con- 
tinuous, so that the vector Hj' — H,' must have the direction of 
the normal. 

L,'-L,' M^-M,' N^'-N,' 



X 



y 



z 



d, . nxK-l'iz* d, , nyK-\Zz* 

" X y 

d , , . nzK-\i{a? + y*) 

Tz^'^~'^^^VK^-2 g' 

z 

Id, .Id, .Id, . ^nK-\ 

(72). 



The normal magnetic polarisation is continuous, 

.-. {xL + yM+zN]\^0, 
i.e. the values of 



xL" + yM" + zN" + 



X y z 
ABC 
X Y Z 



(73). 



must be continuous. 
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Now since the tangential component of £ is continuous^ 



X y z 



= 0. 



X y z 

ABC 

Accordingly the determinant in (73) is continuous, 

/. xL' -f yJtf" + zN" must be continuous. 
Hence 

^ di ^^' "" ^^^ "*" ^ dv ^^' "^^^^^ dz ^®«" ®^) ^ ^' 
i.e. ^ (©a — 6)1) = at the surface (74), 

while a>i, 6)3 satisfy in addition 

V«ft)i = 0, VH = and (72). 

Hence — ©i, — coq are magnetic potentials which may be 
regarded as due to a certain distribution of currents in the 
surface ; and if 0, ^ be defined in the ordinary manner by 

x = r%\nd cos <^, y = r sin ^ sin <^, ^ = r cos ^, 

it may be verified that the surface currents in the direction of 

^, <^ increasing are - ^^^^^^ ^ (o„ - 0,.) and ^ ^ («.- «,). 
From (72) we may deduce that 

d , . ^na^K-X . ^ ^ 

^(«9-®i) = -y^ ^g^;^ sm ^ cos ^ ; 

thus the currents circulate in circles of latitude, the strength of 

flow being 

3na iT — 1 . >, ^ 
-. — ^f^ — s sm d cos ^. 
47r ir + 2 

Equating this to ^ , where <t is the current function, we 

find 
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and it may be deduced that 

These values may also be obtained by direct analysis from the 
conditions (71), (72), (74). 

27. The external magnetic force which would be directly 
given by experiment, is Z", M\ N'\ the force at points fixed 
relative to the earth. We have found that this is derivable 
from a magnetic potential equal to 

^ K—\ fay ,^ . , ,. 

and the forces accordingly vanish when the sphere has no 
angular velocity. The observations of Rontgen both when n is 
finite and zero are thus accounted for. 

It will be noticed that while there is no permanent surface- 
density, there is an induced surface-density produced by the 

o /T— 1 z 
interior polarisation of the dielectric and equal to ^tft ir — o ~ • 

the convection-current due to the rotation of this would be 

SnaiT— 1 . ^ ^ 
___s,n^co8d. 

The agreement between this and our former expression for 
the equivalent current might have been guessed, but does not 
appeal' to be d priori certain. 



PAET III. 



STRESS IN AN ELECTROMAGNETIC FIELD. 

28. We shall in our first discussion assume with Hertz 
that the polarisation is entirely tubular, and that the ether and 
the matter have a common velocity u which varies from point 
to point. 

The energy within the volume o), contained in a small 
closed surface which moves at each point with velocity u, 
will be 

We write the forces with dashes because they are in action 
at points moving with the matter. The volume in question 
will, owing to the motion, be changing in dimensions, and the 
time-rate, at which the energy within it varies, bears to the 
volume 6) a ratio (cf. Hertz, Oes, Werke II, pp. 278, 9) 

Now, as in § 11, we have 

if ^ + AB' div u - iffi'V . u + 47rC = F curl H', 
at 

/t ^ + /tH' div u - ^H'V . u = - F curl E', 
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SO that the ratio in question becomes 

V 
^ (B' curl H' - H' curl B') - B'C 

+ ^ (- iTB'' div u -f ZB' . B'V . u -f i JSTE" div u) 

+ ^ (- /tH'« di V u + /iHMTV . u + i/iH'Miv u), 

y 
or, by VII, p. xiv, y- div [H'B'] - B'C 

+ ^ {2ZB'. B'V . u - JSTB'^ div u 

+ 2fiHf . H'V . u - fiH!^ div u}. 

The first term corresponds to the * Poynting flux,' and the 
second gives the rate at which work is done in maintaining the 
conduction currents. The remaining terms may be put in the 
form 



Sir 



+ ^ 2 K + v,) {KF'Z' + fiM'N'l 



47r 

du dw 
dx* dy 



where u^, Wy stand for j^: , -j^ , &c. 



These terms indicate that energy is expended at a rate 
which may naturally be interpreted as work done against a 
system of electro-magnetic stresses during the deformation of 
the volume in question. There will thus be due to the field, a 
set of tensions 

^ {K (Z'^ - F> - Z'«) + /i (Z'» - if '« - N'% 

OTT 

and of shearing stresses 

^ [KY'Z' + iiM'N% 

29. We shall now enquire as to the resultant force which 
the field would thus exert upon a small portion of the medium. 
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The force parallel to Ox due to the electric field only will be 

g^(Z'.-r.-z'.)H-,^||(Z'F')4(X'Z')}. 



or 



K [^,fdX' dY' dZ\ ^,fdX' dY\ 
4iir { \dx ay dz J \dy dx J 

+ Z' (^ - ^)\ 
\dz dx /)' 

This gives, with the magnetic terms, 

_ Z' (^ + M' div u - H';^ . »)} 

+ iV' (^ + F' div u - B'V . «)! 
+ ^ [N'q - M'r], 

or X'p + L'T^!^[N'q-M'r] 

+ ^ J J> {N'Y' - M'Z') + 2 {N' Y' - M'Z') div u 
-F'.H'V.w+Z'.H'V.t; I 

Now let [E'H'] = 4t'irV [F, Q', iJ'} and the force becomes 

+ iiT/* K + 2P'div u + Qv. - Fvy + IJ'w. - FwX , 
i.e. Z> + X't + ^ (iV'j - Jf' r) 

+ Z/i 1^ + P' div tt + P'«, + Q't», + J2 wi . 
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Expressed vectorially, the force is 

+ Kfi ^ + P' div u + V„ (P'u)l (76), 

where P' = (P', Q\ R) and V^ indicates the operator V applied 
to u only. 

The last group of terms may by IX be put into the form 
ir^j^ + P'clivu + P^V.u + [rcurlu]| (77). 

Hence in addition to the terms B'p, HV, ^/^[CB], the 

existence of which might have been anticipated, there will be 
a force which does not vanish in empty space. 

This force, upon a volume cd unoccupied by matter, due to 
the stresses exerted upon it by the surrounding ether, is 



(O 



^ -f P" div u + P'7 . u + pP' curl u] [ , 



reducing, when u is the same at all points, to t— y- ;7T7 [B'H'] 
per unit volume. 

Even when the ether is at rest, this has the finite value 

4^jJ=«l (^«)- 

30. Let us now investigate the values of the stresses 
involved in the hypothesis that the polarisation in the ether is 
" tubular," but that in a magnet and in a dielectric the polar- 
isations are "molecular": the ether is still to be regarded as 
possessing the same velocity as the matter. The equations will 
now be 

K (^ + B' div u - B'V . u) + 47rC = Fcurl H', 
and fi (^ + H' div u - H'V . u) = - Fcurl B'. 
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These equations being the same as in § 28, the stresses will be 
identical with those just calculated. 



Stress when the ether is at rest, and molecular polarisation 

moves through it, 

31. In the succeeding analysis it will be assumed that the 
ether is fixed and that bodies, the particles of which are 
infinitely small, move through it. Since the ether is fixed 
there will be nothing unjustifiable in the supposition that, in 
the stress system exerted by the ether upon a small portion of 
matter, there may be forces of translation as well as couples. 

There is, however, as we shall see later, one condition that 
should be satisfied. The expression for the resultant force 
which is in general exerted at any point between the ether and 
the material medium at that point must vanish where no 
matter is present, i.e. in free space. 

32. As we have already found, if the expression for the 
localised energy of the field is given us, and we know the 
equations which determine the variations of the forces, then 
the stresses in the ether can be deduced. And inasmuch as 
the stresses and the energy are logically connected, it is 
undesirable, when both are unknown, to consider their values 
independently. 

In Maxwell's theory, the justification of his expression for 
the energy must be the belief that it yields conclusions which 
agree with observation ; in the present case, the expression 
for the energy being unknown, we must be prepared to proceed 
tentatively until consistent results are obtained. 

Under one set of conditions, however, progress is easy. If 
u be constant and uniform, independent both of time and 

position, we shall have ji^^rp, and the equations connecting 

the variations of the forces, when there are no conduction 
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currents, reduce from (21) and (26), Le. from 

SD \ 

4? = -FcurlB' 
ot 

where D = B + (ir- 1)B', 0= H + (/i- 1)H', 
to ^= FcurlH'' 

^ = -FcurlB' 

at J 

When, therefore, the charges are constant and the forces are 
independent of the time, 

curl B' = 0, curl H' = : 
therefore we may take 

B' = -V^, H'«-va 

Now if the charges of electricity and magnetism are represented 
by e, m respectively, and if these are all multiplied by n, the 
values of '^, ft will be multiplied by n. The work done in 
increasing n to n + Sw will be Sn*^ . ehn + SnXl . m Sn, for we 
may bring up ein at a rate which differs infinitesimally from u 

and so do work against the field equal to — ehn . / nB'cfs, where 

B'ds is the scalar-product. This is exactly on the lines of 
Maxwell's determination of the potential energy, and the total 
work done in bringing up all the system is obtained by in- 
tegrating to n from to 1. The result is 

= ^ jdvf-^.divD + Xl.diva} 

(where N is a line of unit length normal to Sy a surface of 
discontinuity) 

= -^Jdt;(DV.Vr + OV.Xl), 
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by Green's Theorem. Hence the work done is 

Thus we are led to suppose that the energy is distributed 
through space and that the amount per unit volume is 

^ (DB' + OH'), 
or ^lBB'+(ir-l)B'«-fHH' + (/i-l)H'«} ...(79). 

OTT 

33. When, however, u is variable, the determination 
breaks down, and a modification becomes necessary. As an 
example of the mode in which the expression for the energy of 
a field may require alteration, we may take the following : 

If an ordinary magnetic field containing permanent and 
temporary magnetism, and conduction currents, be gradually 
and proportionally brought from infinity, the mechanical work 
done in getting the component portions into position may be 
shown to be, in Maxwells notation*. 



or 



— i I dv l^Aa^ j—XacLY , 



where A ,B ,C are components of permanent magnetism, and 
u, V, w here stand for the conduction current. 

The work done in the meantime, by batteries or other 

means, in maintaining the constancy of the currents will (fi:x)m 

Maxwell, § 580) be 

1 f 

dvl,aa. 



Hrl' 



Hence the total energy of the system is the sum 

^ I dv (Zaa — 47r2-4a), 

or ^ / dvfia\ for a = fia + iwA, &c. 

* EUctncity and MagnetUm, §§ 682, 684 (1S92). 
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It will be seen that the mechanical work of bringing up the 
system from infinity, docs not, when cuiTents are present as 
well as magnets, give us the complete expression for the 
energy; the production of a system of the more general 
character requires the expenditure of work by electromotive 
forces, i.e. by agency of a more general character. 

In the present case, resuming our usual notation, we shall, 
for purposes of convenience, anticipate the evidence which 
makes it necessary to add uP to our expression (79) in order to 
get results consistent with the conservation of energy ; here 

.-. by II, ^^^v l^ f "''^ "^ " ^"^^^ 

= g^(B(B-B') + H(H-H')}; 
and the function obtained by adding this to 

is l;{B« + (ir-l)B'» + H' + (/i-l)H'«}. 

Some discussion of the evidence for this expression will be 
found in § 38, after the consequent stresses have been deduced. 
But the consistent character of the results furnishes in itself a 
sufficient justification. 

34. We now investigate the results of assuming that the 
energy W may be taken as 

i^{B« + (if-l)B'»+IP+(/i-l)H'«} 

per unit volume. We shall suppose that the media are isotropic, 
but not necessarily homogeneous, and that the magnetic polar- 
isation has the same relation to the magnetic force as the 
electric polarisation to the electric force: cf § 10, a. 

The equations of the field, for a circuit moving with velocity 
u, as determined in § 14, are 



§34] 
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dt! 

dpt 
di 

Thus 



dD 

^ + Ddivu-DV.u + 4TrC= FcurlH 



■1. 



+ Q div u - GV . u 



= — Fcurl 






d«' 



(ft' 



+ g^ {B« + (Z - 1) E'«} div u 
+ corresponding magnetic terms. 



= ^i^E-E'^'«? 



+ 3!^{E« + (A'-l)B'»}divu 

OTT 

+ corresponding magnetic terms, 
{(.-«-)f + (H-H',f) 

+ . {B' (- D div u + DV . u - 4irC + Tcurl H') 
+ H'(-Odivu + aV.u- TcurlB')} 
+ i^ (B» + (if - 1) B'» + H« + 0* - 1) H'«} div u, 

OTT 






-E'C 



+ ;^ div [H'BT (by formula VII) 
+ ^ {B* - 2DB' + (iiT- 1) B'' 

OTT 

+ W - 20H' + (/*-!) H'»} div u 
+ ^ {B'.DV.u + H'.aV.u} (80), 



w. 
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+ ^ 2it^ {B« - 2BB' - (A' - 1 ) B'« + 2X'X 

+ H» - 2HH' - (/i - 1) H » 4 2Z'1L} 

y 

Thu8 in addition to the Poynting Flux j- [BH'], and the 

work done in maintaining the conduction currents, we have 
energy expended at a rate which indicates a force, due to the 

field, of strength — . \r~JIt [^^] ^^ "~ ;7F» *^^ electromagnetic 
stresses against which work is performed at a rate 

^ 1u^ {B» - 2BB' - (A^- 1) B'« + 23eZ'} 

4- corresponding magnetic terms. 

These electric terms give a tension parallel to OX of 
amount 

-J-lB«-2Fr-2ZZ' + (Ar-l)(X'^- Y'^-Z'% 

OTT 

a shearing stress of amount 

or ^ 1 ^'^ "•" ^"'^' + 2 (-K"- 1) F'Z'l, 

and a couple equal to 

l^{yZ-YZ'\ (81). 

35. The resulting force E per unit volume parallel to OX 
due to the field becomes (c£ Maxwell's Treatise, § 641, (13)), 
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dP 

— -rp (occurring explicitly) 

+ ^^ {B«- 2BB' -(if- 1).B'« + 2Z'3E} 

+ the corresponding magnetic terms. 
Therefore 

4irH = -47r^ + EE, -^(EE')-(-K"- 1)E'E,' -^-iT^" 

+ magnetic terms, 

= - 47r^ + (E - B') B, - EE/ - {K- 1) E'E,' - ^ K^'* 

+ Z'clivD + DV.Z' 
+ magnetic terms, 

+ 47r/>Z ' + (B - E') E. - DE,' + DV . Z' - i /r^'» 
+ magnetic terms, 

+ ^pX' + i [Hu] E. + 1^ (Z; - F,') 

+ ^ittL' + ^ [uE] H, + iftt {Ly' - M^) 

+ ia (L' - N,') - i mJH'«. 
Therefore 



47rFH = 47rr f- ^ + />Z' + ri') 



4—2 
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+ {[Hu] B, + [uB] H,} - i F (/r^'» + ,i^'') 



-i«(f + 4^)H-^(f + 4.,) 



= 47rF (- ^ + P^' + tI') + 47r(3^ - rjtt) 
+ {u [B^] + u [BH,]) -^V(K^" + ,j^'*) 

-5S(^ + i«divu-OV.t>) 
- iW ("JJ + S2 div u - DV . w) 



+ ia(^+|?divu-DV.»V 



On putting [I>0]/47rF= ($, <!El, Ift) = <!El, we obtain 
H = - ^ + pX' + Ti' + i (9^ - riW) 

+ ^ + 2^ div u + 1»,® - 1»,^ + w^ia - w,^ 
= pZ' + tL' + i.(9^ - r^) - {KJ&'* + M^'«)/87r 

+ J>(^-i') + ^divU4 uP, + <Bu, (82). 

For the meaning of p, r in this expression see (19), (28) in 
§14. 

36. The electromagnetic couple of (81) per unit volume, 
expressed vectorially, is 

- ^ {[BB'] + [HH']}. 
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or -^([B[uH]] + [H[Bu]]}. 

or - -^{u.HB-H.uB+B.uH-u.HB). 

By formula III this is - j^ [u[BH]], 

or [Pu] (83). 

37. At a point at rest in free ether p, r, O, u vanish 
and (!El = P. Thus F is zero, as it should be. 

When u = and when the field is steady as well as 
stationary, 

B = pX + TL + y(q0.-rm- ^(KJBi' + ^L^H*), 
i.e. P = pB + tH + 1 [CO] - ^ (E». V^+W. V/t) ...(84). 

V OTT 

In the case of homogeneous media, this is the expression 
which Maxwell's theory would lead us to expect. 

38. Let us now examine the result of taking 

Tri = ^(DB'-faH') 

as the potential energy. We find in that case, when the 
medium is homogeneous, 

dB' dB„, ^,rr ,v-,,tiB' 



ir.<^-)-i|-f^w-'^^(^-') 



dtf 



•^«f^-f«'+^<''-««'^ 



+ ^ (DB' + OH') div u, 

OTT 

= ^ f B' curl H' - H' curl B'} 

+ ^ {B'(DV.u-Ddivu-47rC) + H'(aV.u-adivu)} 
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. 1 U<®' 






+ ^ IDE' + OH'} div u, 
= ^ div [H'B'l - E'C 

-^ (DB' + OH'}divu + :^ {B'.DV.u + H'.OV.u} 



1 

+ 



87rV 



B|.(«Hl-t«H]f-H|[,.BlH.*lf} 



= i^ div [H'B'l -B'C 
-;^{DB' + OHldivu 

OTT 

+ ^ S«, {X'X + L'H] 

+ 1 2% {X'j^ + L'M} + ^ 2tt, {X'^ + Zi'iai 

by use of formula II. 

In this expression the first two terms correspond to the 
Poynting flux and the maintenance of the conduction currents. 
The last bracket reduces to 

^ ^^HE]or-P^^ (86). 



'^dlf 



^irVdtf ^ J df 

The remaining terms give stresses which are represented 
by:— 

A tension parallel to OX of amount 

^ {- DB' - OH' +2X'3i + 2r%l 
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a shear 
and a couple 

l^ [W - ^'® + iwj^' - iif' ia}. 

These stresses yield a force P = (B, H, Z), per unit volume, 
given by 

47rS = -i^(DB' + aH') 

= -i{B^' + BB,' + 2(^-l)B'B,'}+Z'divD + DV.Z' 
+ corresponding magnetic terms, 

= (i (BB,' - B^' + HH«' - H^IT) - (DB«' + OH,')} 

+ WpX' + 477x7/ + DV . Z' + OV . Z' 

= 2V {= i t""l - =' t"«l + " dl tBu] - H. [B«]} 

+ 47rpZ' + 47rTZ;' - DB«' + DV . Z' - OH,' + OV . Z' 

= g-p {u, [HB] + u [H^] - u [HBJ + u [HB J 

+ tt, [HB] - u [H^B]} + 47r/»Z' + AnrrL' 

+ 1^ (z; - y«') + js (z; - z^) + in (z; - mj) + ja (z/- n,'). 

.-. i-rrVa^Vix [HB] + *irV(pX' + tL') 

.Uf-^«f-i«(f.*^).«(f.w,). 

Hence, using the analysis of § 35, (82), we find 
S=u^ + pX' + TL'-\-y(g^- rM) 

+ ^ + ^divu + ^M, + (a«, + 3K«;, (87). 
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If Z= 1, ,1 = 1 and (7=0, then (^, ®, 5tt) = P, and 

B=/)Z' + Ti' + ^ + Pdivu + 2Pu« (88), 

/. P=pB' + TH' + ^ + Pdivu + 2Vu.Fu...(89). 

The hj^othesis that the energy per unit volume is 
(DE' + Q-H'^Stt is thus subject to several objections. It 

yields in (86) a term —^-jpf of which there is no physical 

explanation : and it gives in the expression (89) for F a term 

-j-f, which does not vanish for a stationary element in free 

space. 

Corresponding to this term in P there will be a time-rate of 
expenditure of energy against mechanical forces equal to 

dP . dQ dR dV 

"'dF-^'dF^'^-dt' ""'""di- 

per unit volume. 

Hence our assumption of Wi as the energy has led analjrtic- 

ally to the appearance of terms — P -^ , — u -j-r in the rate of 

increase of the electromagnetic energy of the field ; and these 
terms are, as far as we are aware, entirely unjustified by 
experience. 

We are thus led to try the effect of adding to TTj a term 
uP : the result is the expression for W investigated in §§ 34 — 
37, and the consequent removal of the difficulties. 

39. Let us consider a disturbance which is spreading 
through a region void of matter with a velocity equal to that 
of light. If we imagine the moving surface which bounds the 
disturbance to be, for the moment, material, and if the axis OZ 
be taken in the direction of the normal to the surface, the 
positive side of XOF being that unreached by the disturbance, 
then on this side B', H' are zero. But the tangential compo- 
nents of E', H' are continuous. Hence on the negative side 
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X\ Y'y L\ M* are zero. Now the tension of the negative side 
parallel to ZO is, by (81), 

^ {B» - 2XX' - 2 7F + HP - 2LL - ^MM% 

and that on the positive side is zero. 

Thus the motion of the surface, regarded as material, would 
be retarded by a force per unit area equal to 

which is the potential energy per unit volume. This is as it 
should be ; for the rate at which work is involved in the motion 
of the surface must be equal to the rate at which energy spreads 
through the medium. 

40. The stresses (81) which we have determined from con- 
sideration of the energy of the ether will be stresses in the 
ether, and may naturally be regarded as th« mechanism by 
which the ponderomotive forces, which act on charged bodies 
and on current circuits, are produced. 

The resultant force due to the stresses upon an element of 
volume of a medium which is moving through the ether may, 
in view of the previous section, be expected to contain terms 
which are due to the motion and are independent of the polaii- 
sation at the point in question : but the force on an element at 
rest in the ether should contain nothing which does not vanish 
when there is no material medium there. 

In all cases of the motion of finite bodies with which we 
have to deal, u/F is comparable with 10~*, so that the 
numerical error due to neglecting the ratio will not be im- 
portant : we shall accordingly discuss in greater detail the case 
in which u s 0. 

41. We then have a force —-jr occurring explicitly, a 
tension parallel to Ox equal to 

} {iT (Z« - F» - Z^) + ,i (i-' - i/» - N% 

OTT 
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and a shearing stress 



^ (KYZ + fjiMN). 

4!7r 



The couple vanishes (90). 

By taking Ox along the direction of the resultant electric 
force, we realise that the above electric stresses in the ether are 

K 

equivalent to a tension of ^-B* along lines of electric force, 

OTT 

K 

and a pressure ^ B^ at right angles to them. This agrees with 

Maxwells specification. 

As long as we adopt the hypothesis that matter drags the 
ether with it, or that the ether and material bodies always have 
exactly the same motion, it is diflScult to distinguish between 
stresses in the ether and stresses in the body: any displace- 
ment would be opposed by each of these stresses. It is 
accordingly a widespread if not a universal habit to regard 
the stresses as exerted by the material media: cf Helmholtz, 
KirchhofF and most writers on electro-striction and magneto- 
striction. The difficulties that manifest themselves are serious 
and well known. Maxwell's stresses give a resultant force 
whose component along OX is equal to 

Xp + Lr + ^(gN-rM) + K^,'f^ (91), 

and the last terra of this expression does not vanish in empty 
space. Further it is not easy to see how a uniform, absolutely 
continuous, and homogeneous liquid medium can be in equi- 
librium if it be subject to the shearing-stresses set up according 
to Maxwells theory by an electromagnetic field. Apart from 
these difficulties, it is customary to explain the forces between 
two charges in free space as due to stresses in the ether, while 
in a dielectric, such as glass, the Maxwellian stresses are 
supposed to reside in the material medium: and it does not 
appear logical to suppose that the stresses are exerted by the 
ether alone in the absence of bodies, and by material media 
when they are present. 

When however the possibility of motion of a medium 



§ 42] STRESSES IN MATERIAL MEDIA. 59 

through the ether is allowed, the difficulties may, I think, be 
overcome. 

The resultant force is now, t//F being still neglected, given 
by 

F = pB + tU+^[CH.] + (^K-1)^ (92), 

and the first difficulty does not occur. Further, the force on an 
element of a non-conductor in an electrostatic field is pa>E, 
where a> is the volume of the element. Thus eE will be the 
force exerted by the ether upon a particle whose charge is e. 

42. According to the present theory, a body or material 
medium is to be regarded as an assemblage of infinitely small 
particles charged with electricity ± e or magnetism ± m. Upon 
these the field exerts, by means of the stresses in the ether, in 
which the particles may be regarded as imbedded, forces ± Be, 
± Hm : the stresses (90) are the mean stresses over a small 
volume containing a large number of these particles. The 
stresses which are exerted within the bodies will be those 
required by the ordinary laws of elasticity in order that the 
equilibrium may be maintained in the presence of these forces 
± Ee, ± Hm as well as the externally applied mechanical 
stresses. 

Some light may perhaps be thrown on this way of dis- 
tinguishing stresses in the ether from stresses in a body, by the 
consideration of what happens in the case of gravitational 
attraction. If we interpret the action of gravity as due to 
stresses in the ether surrounding the infinitely small particles 
of a body, then the resultant effect of these stresses on a 
particle of mass m will be tnR, where R is the force at the 
point. And the stresses in the material body will be those 
which are given by the ordinary elastic-solid theories as to the 
behaviour of the body under the action of a force equal to R 
per unit mass. The stresses in the body depend on the quan- 
tity R and on the external forces, such as pressures, applied to 
the body ; but the body-stresses are distinct from the stresses in 
the ether to which the forces mR are due. 

In the case of a polarised non-conducting dielectric, the 
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stresses exerted by the ether on the charged particles of the 
dielectric give, when the field is steady, the force pE per unit 
volume. When, as is usually the case, the dielectric possesses 
no volume-density, p = 0, and the force vanishes. The effect of 
an electric field upon the mechanical stresses in such a medium 
will be limited to the influence of forces at the boundary. 
Thus the internal equilibrium of a fluid dielectric presents no 
difficulties. 

Owing to the linearity of the equations of elasticity, the 
stresses in the material media will obviously be the sums of 
the stresses due to the surface-forces and to the forces in the 
interior of the media. 

43. At the surface of discontinuity between two media the 
stresses in the ether will give rise to a force per unit area which 
may be determined in a manner similar to that already em- 
ployed. If the origin be taken in the surface and if the normal 
drawn into the second medium be taken as OX, then there will 
be stresses in the ether of the second medium which produce, 
on an element of area a of the bounding surface, component 
forces parallel to the axes 

those on the negative side will be 
- aK, {X,^ - Fi» - ^iO/Stt, - ciK.X, F,/47r, -r aK,X,ZJ4f!r. 
Also {KX}\ = ^ira, {F1? = 0, {Z}1 = 0, 

Thus the resultant force per unit area has components 
[K^,'^K,Xi^'\-(K,-'K,){Y'-hZ')}/S7r, aY, aZ (93). 

If the surface was uncharged before the polarisation was 
brought about, <r = 0, and the force due to the ether-stresses is 
normal. 

When, in the general case, the direction cosines of the 
normal drawn into the second region are (I, m, n), the force per 
unit area of an uncharged surface will be 

{2K {IX + mY -h nZy - iT (X^ + 7* -H Z^/Hir (94). 
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Verification of the previous section, 

44. Inasmuch as the force per unit volume of a homo- 
geneous medium is pE, it might appear that when a surface of 
discontinuity is uncharged there could be no resultant force on 
it. Our analysis of §§ 34 — 37, however, provides the explana- 
tion of the diflSculty, and we shall investigate the surfiice-forces 
by a second method. 

Let us suppose that instead of a surface of discontinuity 
between two media there is a region of continuous transition 
and that, although some of the quantities vary with extreme 
rapidity as we pass from one medium to the other, the equa- 
tions of the field still hold within this region of transition. Let 
the origin be taken at any point in the bounding surface and 
the axis OX along the normal into the second medium. 

When if is a function of the coordinates, in an electrostatic 
field, by (84) 

H = pZ - KJB^'IStt. 

Hence, integrating through the region of transition, we 
have in the immediate neighbourhood of the origin, 

Hit j B dx = j dxiSirpX - KJB^^) 

= Jda? {2Z div JTE 4- 2ZEV . Z - 2ir . BB^ - Za^!'} 
(for when the field is electrostatic, curl B = 0, and BV . X=JSmImx) 

Now the only diflferential coefficients which are large within 
the region of integration are those with respect to a? : hence, 
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since the path of integration with respect tx) x is indefinitely 
small, there results in the limit, 



JBdx= {K {X' - Y' - Z')ISir}l 



which is our former result. 
Similarly 

JHd.^lfd.{2l{KX7} 



= [KXYI^irW 

= <rF, as before : and so for I Zdz, 

If one of the media in contact be a solid, its rigidity will 
provide the force necessary to overcome the surface forces just 
given. When both media are fluids and one is a liquid, the 
surface being initially uncharged, then the purely normal force 
due to the electric stresses is capable of equilibration through 
the agency of surface tension and the hydrostatic pressure of 
the fluids. The configuration in which the media can rest is 
given analytically by the representative equation 

{K,X,' - K,X^ + {K, - K,) ( 7» + Z^)}/87r -f H, - H, 

+ !r(l/pi + l/p,) = (95), 

where IIi, XIj are the pressures in the fluids, T is the surfiu^e 
tension and pi, p^ the radii of curvature of the bounding surface. 
In a magnetic field similar results should, on the present 
hypothesis, be expected. 

45. Our analysis has from § 11 proceeded on the assump- 
tion that the relation between magnetic polarisation and 
magnetic force is identical with that between electric polarisa- 
tion and electric force. Certain facts suggest however that the 
similarity of relationship is open to question, and that a funda- 
mental difference may exist between the two kinds of polarisa- 
tion. Thus it is easy to obtain a body in which electric charge 
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of one sign preponderates ; a corresponding excess of magnetic 
charge is unknown. In electricity conduction and decom- 
position by electrolysis are familiar phenomena ; in magnetism 
they do not occur. According to one of the simplest modes 
of interpreting the phenomena of an electric field electric 
polarisation is explained in terms of a large number of electric 
charges of opposite signs. We have already seen that the 
quantitative relations deduced from the hypothesis of ' doublet ' 
polarisation in an electric field agree well with the results of 
experimental investigation. 

The term 'electron' has been used to designate points which 
have an electric charge and are without mass : but the present 
analysis does not depend on assumptions as to whether mass is 
or is not associated with the electric charges, and we shall 
therefore choose a diCFerent name and speak of * ions.' 

It is true that the term ' ion' has usually been applied to 
the electrified particles which are in motion during electrolysis: 
but we may perhaps be allowed to give the word a wider 
significance. We shall accordingly define an 'ion' as one of the 
aggregate of electrically charged particles which together con- 
stitute that portion of a material medium which responds to 
electric force. 

The ions in an electrolyte or a conductor appear to be 
capable of individual motion. In a magnetic field however the 
smallest unit which is required for the expression of observed 
facts is a ' doublet ' ; in this we have two * poles * equal in 
magnitude and opposite in sign. 

Now an appropriate assemblage of ions describing small 
closed orbits would produce the same magnetic force as a 
distribution of magnetic doublets. And such an assemblage 
would have all the other characteristics of magnetisation which 
we have just noted : there would be no possibility of an excess 
of magnetism of one sign. 

46. In the first place it may be of service to form a rough 
mental picture to illustrate the kind of way in which we may 
interpret the laws governing the ratios of electric and magnetic 
polarisation to electric and magnetic force. 
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We may regard a molecule as consisting of an assemblage 
of ions (comparable in number perhaps with a thousand) which 
are all describing small paths under the influence of their 
mutual electric forces of attraction or repulsion and of the 
forces due to the field: the electric force B'' acting on an ion 
whose velocity is u" will be modified by the motion in accord- 
ance with equation (29), p. 18. 

The numbers of positive and of negative ions in a molecule 
being the same we may for analytical purposes regard them as 
gi'ouped in pairs to form doublets. The intensity (3£', |^', SSO 
of polarisation may then be determined in the following manner. 

Let the charge on an ion be denoted by e and let its 
coordinates be denoted by (a?, y, z). Then, if the summation 
Sea; be effected over all ions lying within a small volume fi> 
containing a large number of molecules, we shall have ]Eea!7=3E'ai 
and similarly Sey = |^'a), ^ez — SS'o). The intensity so defined 
is obviously independent of the origin of coordinates and of the 
arbitrary manner in which the grouping in doublets is brought 
about. 

When no external electric force disturbs the motion of the 
ions, then, over a small region containing a large number of 
them, the moment per unit volume will be zero. When how- 
ever a field of electric force represented by Be*''* is exerted, we 
should expect the urging of the positive ions in one direction 
and the negative in the other to yield a polarisation (a4-»/8)B6*^ 
where a, ^ are real functions of p. Thus disperaion effects 
would be brought about ; when the force is steady, p = and 
(a-f i^) becomes real: it is denoted by {K— l)/47r. 

47. Magnetisation must according to this interpretation be 
explained by supposing that in a steady magnetic field the 
distribution of motion of the ions in a molecule is of such a 
character that the magnetic particle equivalent to the molecule 
has a moment proportional to the strength of the magnetic 
force. When the magnetic field is alternating and has an 
extremely short period, short by comparison with the time in 
which an ion describes its orbit, we should expect that the 
orbital motions would on the average remain unaffected, and 
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hence that the magnetic susceptibility would be zero. Such 
is apparently the case when light waves fall on a magnetic 
body*. 

Let us now consider the effect of the distortion of a medium 
which is in a steady magnetic field. The molecules will change 
in their relative positions : and, in our present ignorance as to 
the configuration of a molecule and the laws which govern its 
equivalent magnetic moment, either of the hypotheses of § 10 
is conceivable. Experimental determinations of the effects of 
magneto-striction in iron, nickel and cobalt indicate that in 
them the relation between the magnetic constants and the 
state of strain is more complex. 

Accoi-ding to the former law (a) the ratio of the magnetic 
moment per unit volume remains proportional to the magnetic 
force. The consequences have been worked out in §§ 34 — 37. 

According to (/8), which appears to be the most natural 
hypothesis in the case of a fluid medium, the moment of the 
magnetic doublet equivalent to a molecule bears a constant 
ratio to the magnetic force in action upon it. And when 
the molecules become more closely packed, the susceptibility 
(as defined in the ordinary way and dependent on the ratio 
of the moment per unit volume to the magnetic force) will 
increase. 

The results of this assumption will now be investigated. 

48. We have seen in § 9 that if the magnetic moments of 
the individual molecules remain constant while their centres 
move with velocity u, then 47r times the flux through a circuit 
moving with velocity u" will be the normal component of 

(u"-u)diva'-a'V.u (5), 

or 0^-1) {(u" - u) div H' - H'V . u}. 

Hence if the magnetic force H' varies and the moments of the 
separate molecules are proportional to H', the flux will be 

* See Thomson's Recent Researches, § 857, 
W. 5 
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Thus the second equation of the field becomes 
^+Hdivu"-HV.u" + (;*-l)|^'-H'V.u 

+ (u" - u) di V H'l + 47r (u - u") T = - 7 curl B". 
This reduces, by means of div (H + (/* — 1) H') = 4nrT, to 
^+Hdivu"-HV.u"+(u-u")divH 

+ (/*-!) 1*^^ - H'V . u i = - 7 curl B" (96). 

We have, in addition, the former equation (20), 
^ + B div u"- BV . u" + (u - u") div B 

+ (if - 1) ffi ' + B' div u - BV . ul + 47rO = Vcurl H" 

(20). 

Taking u" as u and simplifying, the equations become 

^ + Ddivtt-DV.u + 47rC = FcurlH' 

Clft 



^ + Hdivu-HV.u 
at 



► ...(97). 



+ (/*-!) l^'-H'V.uU-FcurlB' 
It is interesting to notice that since 

f = 0.-l)^\H'^.0.-.){f-Kd,,»}, 

the second of these equations can be put into the form 

^-fHdivu-HV.u-h^S'-<*'^-'* + <»'divu = -FcurlB': 
at at 

.-. ^^ + adivu-aV.u = -FcurlB' (98), 

and this form of the equation is unaltered by the change of 
hypothesis; cf. (26), § 14. 
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When u" = we find 
~ + udiv E + (if - 1) j^' + E'div u - E'^ .u 



+ 4irC = y curl H 



dt 



+ u div H + (/*- 1) 1^'- H'V .uj = - 



Fcurl 



...(99). 



Hence, as before, 



and 



E" = E + i [vTuf 

H"=H + y [Eu"] 



E' = B + y[uH] 



H' = H + ~ [Eu] 



(100), 



(101). 



This theory gives the same explanation of Routgen's ex- 
periment as that of §§ 25 — 27 : when /n = 1 the equations are 
independent of the hypothesis made as to the nature of 
magnetic media. 

49. Let us consider the stresses in an isotropic but not 
necessarily homogeneous medium. 

Taking, as the energy per unit volume, 

Tf = {E« + (if - 1 ) E'« -f H« + ( /i - 1 ) H'«} /Stt, 

we find, with the former notation (§ 34), 



^ d ,^ . 1 f _ 



mi 

d4f\ 



Stt dt' 
+ ^ {E' + (iT- 1) B" + IT + (/» - 1) H''} - ^ 



Stt 



0) 



M 



-i|<»-»-)w-(H-^)fh 



6-2 
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+ ^E'{-Ddivu + DV.u-47rC + FcurlH'} 

+ ^H'{-Hdivu + HV.u + Ot-l)H'V.u-FcurlB'} 



Sir 



H « div u 



+ ^ {E» + (ir-l)E'« + ir+(/i-l)H'»}divu 

oTT 



1 fr__ ,dB r _,<iH) 



F ,. 



+ JL {E* + (^-l)E'«-2DE' + H»-2HH')divu 

OTT 

+ ;J- (B'.DV.u + H'.OV.u) (102). 

This expression may be obtained from the corresponding 
expression (80) of § 34 by the addition of 

^ {20H' - (/A - 1) H'« - 2HH'} div u, 

OTT 



^^H'=divu, i.c. ^^ 

OTT OTT 



or ^-^ H'^divu, i.c. ^ H'« (t/^; + Vy + 1£;,). 



Thus we have an additional tension in the ether of (/a — 1) H'*/87r 
parallel to each of the three axes, and an additional resultant 
force per unit volume whose component parallel to OX is 

d 
dx 



t;l87r " r 



or (/i- l)H'KL,747r + /t^H'V87r (103). 

V 
50. In addition to the Poynting flux — [E'H'] and to the 

work E'C done in maintaining conduction currents, we now 

dP 
have in all (cf § 34) a force — ,-7 occurring explicitly, and 

stresses in the ether represented by : 
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A tension parallel to OX of amount 

1 {E« -277'- 2ZZ' + iK-l) (X'* - F'' - Z") 

+ H' - 2MAf' - 2NN' + 2 (/* - 1) X"}, 
a shearing stress 

^ { F'® + ^Z' + if' ia + MN'], 

and a couple 

^[7'Z- 7Z' + M'N- MN'] (104). 

47r 

Owing to the identity of equations (97), (98) with (21), (26), on 
which §§ 34, 35 depend, we may form the component B {parallel 
to OX] of the resultant force per unit volume by adding the 
supplementary terms of (103) to the result (82) of § 35. 
We find 

pX' + tU + y (qM - rM) - K^'/Stt + i'H'H,' 

+ ^,(^-P)4-^divu + uP, + (au« ...(105), 

where p, r indicate densities in addition to those of the induced 
polarisations. 

The resultant force on an uncharged stationary element 
of ether vanishes, as it should do. 

51. When the ratio a/Fis neglected we have 

dP 
B = /oZ+ri +(giV^- rilf ),i/ r-iT^V^^ +*HH, +(/iir- 1) ^ , 

and 
P = pE + TH + y[CO]-^E».Viir + pVH« + (/iir-l)^ 

(106), 

and the stresses (104) in the ether become : 

Tensions represented by 

]- [K (Z»- F« - ^») + /A (i«-if « - iV^') + (/i - 1)(I» + ilf « + N% 
o7r 



70 STRESS IN AN ELECTBOMAONETIC FIELD. [§51 

shears of which an example is 

and couples which vanish ...(107). 

52. Let us now investigate the corresponding stresses in 
the material medium. 

In an electrostatic field we may take fi as unity and the 
fundamental ecjiiations underlying the previous section become 
identical with those of § 34 — 37, when all magnetic effects are 
excluded. Thus the analysis of §§ 40 — 44, as applied to an 
electrostatic field, remains valid. As determined in § 41, the 
effect of the stresses in the ether is that there is a force eE 
upon an ion whose charge is e. The smallest volume of which 
account is taken in the theory of elasticity will contain an 
immense number of ions : and the consequence of the forces eE 
is the protluction of a resultant force, per unit volume, equal to 

P = pE-^^ EVViT (108). 

OTT 

and a force, per unit area of a bounding surface between two 
media, whose components are 

{if(Z«-F«-Z«)/87r}f, crF. aZ (109), 

the axis o[ x being the normal drawn into the second medium. 

When the dielectric is initially uncharged and is homo- 
geneous, F vanishes and the force on the surface is 

{iir(Z«-F«-^«)/87r};, 0, 0, 

i.e. is {ir(2Jr^* — E^)/87r}J along the normal into the second 
medium, Xn standing for the electric force in the direction of 
that normal. 

When the axes have general directions and the normal has 
direction cosines (/, m, n) the normal force is 

[2K(IX + m7^ nZf - KW\\l^ir (110). 

As already explained this normal force is equilibrated either 
by the elasticity of a solid medium, or, in an uncharged liquid, 
by additional hydrostatic pressure and by surface tension. 
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53. In a magnetostatic field the stresses in the ether are 
given by § 51 and consist of tensions, 

{fi (D - if « - J\r«) + (^ - 1) (i» + jlf « + JV^^^/Stt, etc., 

and shears, 

{fiMN}/4<7r, etc. 

The couples vanish (HI)- 

These give rise to an internal force per unit volume given 
by 

B=TZi+A;HH, 

= Ti + A;(Zi^ + Jlfiy + Ar^) = TZ + Jk.HV.Z (112). 

On a magnetic molecule of moment M we should, according 
to Maxwell's theory, expect a force MV . i : cf. Electricity and 
Magnetism, §§ 389, 639. The formula for H gives a force 
0'V.i/47r per unit volume when the induced moment per unit 
volume is O'l^tir : thus the result is such as might be expected 
to follow from our hypothesis that the molecules behave as if 
independent of each other. 

Further, at a surface of rapid though continuous transition 
to which OX is normal, H is large and the normal force per 
unit area is, by the method of § 44, 

= {/i (!« - if » - i\r-) + (m - 1) (i^ + Jif ' + j^OU/Stt 

= {(2/i - 1) i» - if » - N%lSTr 

= {(2,.-l)iV8^};; 

for [fiLW^^irv, {if}f = 0, {i^}? = 0, 

where v is the surface density of permanent magnetism, if any 
is present. 



d 

+ 



Similarly 



/■ 



/• 



dxZ = vN. 
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Hence when there is no distribution of permanent magnetism, 
we have 

P = iWir=(i^HH,, *HHy, JfcHH,) (113), 

and the force acting upon the matter at a surface of discon- 
tinuity is 

{(2;i - 1) (iZ + mM + nNy/S7r]l 

in the direction (Z, m, n) of the normal drawn into the second 
medium ; the direction of the axes is here arbitrary. 

Since 

{fjL{lL + mM -{■nN)]l^O, 

.'. {fi' {IL + mM + wiV)V87r}; = 0. 

Hence by subtraction the normal surface-force may be put into 
the form 

- {(/i - ly {IL + mM-\- nNyiSir]l 
or - 2m [I'' {IL + mM ^- nNY]\ (114). 

In the case of a liquid medium in equilibrium the force 
F(=^A;VH^) will involve at each point a hydrostatic pressure 
differing by a constant from \kR^. The normal surface-force 
will be counterbalanced cither by effects due to surface-tension 
or by some additional hydrostatic pressure which is constant 
through the liquid. 



Comparison of theoretical stresses with the results of 

observation. 

54. We shall in most cases adopt as the standard for com- 
parison the series of " Electrische Untersuchungen," published 
by Quincke in Wiedemann s Annalen : we shall consider in 
particular the experiments on liquid dielectrics of Vol. Xix. 
(pp. 705 — 782), with J. Hopkiuson's correction applied in 
Vol. xxxiL (pp. 529 — 544), and the investigations concerning 
liquid magnetic media of Vol. xxiv. (pp. 347 — 416). 

55. We shall begin with the experimental investigations 
of the stresses in an electrostatic field. 
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(a) Quincke measured by means of a balance the attraction 
between the two parallel plates of a condenser when separated 
by a liquid dielectric ; and, on the hypothesis that the force 
was KpE^/Sir per unit area, determined the value of Kp, His 
apparatus is described in Wied, Ann, xix. §§ 51, 52, pp. 707 — 
717, and Fig. 22, Taf. viii. 

Quincke also determined the increase of pressure in an 
air-bubble in a liquid dielectric between the plates of the 
condenser used in the previous experiment; the plates were 
•15 cm. apart, and the bubble extended from one to the other, 
occupying the central portion of the space between them ; its 
diameter was between two and five cm., that of the plates being 
8-5 cm. (TF. A. xix. § 53, pp. 718—726; Fig. 24, Taf viii.). 
On the assumption that this increase was equal to 

he obtained the value of Kg. 

The comparison of K, Kp, Kg of p. 725 is not very satis- 
factory; Kg and Kp agree well enough, but K is decidedly 
smaller. When however the determinations of K have been 
corrected for the capacity of the wires ( W. A. xxxii. pp. 531 
— 534), the diflferences between K, Kp, Kg become extremely 
small: the ratios of Kp to K for five substances (p. 532) are 
1-043, 1002, 1005, 0-985, 1*026. 

It is easily seen that these surfeice -forces have the theoretical 
values given by the formula {if (Z«- Y' - Z')/S7r]\ of §§ 43, 
44, the axis of X being along the normal drawn into the second 
medium. In the first case there is no electric force within the 
condenser plate and there will be a tension of KE^/Sir per unit 
area towards the other plate. In the second case the force 
perpendicular to the plates is tangential to the surface of the 
bubble and will have the same value E just within the bubble 
as just outside it. Thus the force at the surface in the direction 
of the normal drawn into the liquid is — KE^/Sir + E^/Sv : and 
the consequent increase of pressure will be {K — 1) E^/Sir. 
The liquid being uncharged, there will be no mechanical force 
(108) in its interior produced directly by the electric field. 

(/3) An interesting experiment was made by Quincke with 
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the object of ascertaining the effect of the electric field upon 
the shape of an air-bubble in a liquid medium; he formed 
against the upper plate of the condenser above described an 
air-bubble whose rounded surface did not reach as far as the 
lower plate (Tf. A, xxiv. p. 376). 

When the condenser was charged the bubble shewed con- 
spicuous changes of form : it expanded in the direction of the 
lines of force and contracted in directions at right angles to 
them. 

We shall not attempt an elaborate quantitative investiga- 
tion, but shall consider the simple case in which the size of the 
bubble is small ; its shape will then be approximately spherical, 
and, if the angle of contact is infinitesimal, its surfisuse will just 
touch the upper plate. If the imiform field in the liquid, 
before the bubble makes its appearance, be of unit strength in 
the direction OX, it is easy to shew that the potentials inside 
and outside the bubl)le will become 

^'~~ 2F+ 1 '" 



^•==-^-2ZTlK9* 



>- • 



Thus the field inside the bubble is uniform ; its strength will 
be denoted by £,-. Then at points where the lines of force cut 
the surface normally, the force just outside the bubble is EijK 
and, by (110), the surface-force inwards is 



E^ISir^Ki^l^, 



At points where the lines of force are tangential, the electric 

force inside and outside is continuous, and the surface-force 

inwards is 

- E^lSir + KE^/Sir, 

or - — A-", 

OTT 

which is K times the force just obtained. 



§ 56] COMPARISON OP THEORY WITH EXPERIMENT. 75 

A similar result holds in the case of an ellipsoidal air-bubble, 
within which the field will also be uniform. 

Hence the shape of the bubble of finite dimensions might 
be expected to change in the manner actually observed. 

(7) In the case of a solid dielectric, the results may be 
complicated by changes in the electric and elastic qualities of 
the substance. But in many cases, at any rate, the theoretical 
surface-forces suffice for a qualitative explanation. Examples 
may be found in Wiedemann's Lehre von der Elektricitdt, Band li. 
§§ 186 — 201 : of these two may be taken as typical. 

Quincke (W. A. x. pp. 161 — 190) took a glass vessel in the 
shape of a spherical bulb of about 5 cm. diameter at the end 
of a capillary tube, filled it with liquid, and observed the fall of 
this liquid in the capillary tube when the vessel was used as a 
condenser and charged. 

The electric force within the glass being normal and denoted 
by E, that in the partially conducting liquid in contact with it 
will be extremely small and the surface-force will be KE^/Sir in 
the direction of the normal drawn into the glass. This normal 
pressure on the glass at each surface will cause it to expand 
laterally : the diameter of the sphere and the volume of its 
interior will therefore increase, and the liquid in the capillary 
tube will fall. For further discussion see W. A, x. pp. 513 — 
620 : XI. pp. 771—780. 

Righi (Comptes RenduSy 88, p. 1262) and Quincke {W,A. x. 
pp. 374 — 384) have shewn that a cylindrical glass tube increases 
in length when used as a condenser and charged. A somewhat 
similar experiment is due to Rontgen {W. A. xi. p. 786 ; 1880). 

56. We now pass to the experimental determinations of 
stress in a magnetic field. In a uniform magnetic medium 
the field produces, according to our theory, a force per unit 
volume equal to JA;VH* and at a surface between two such 
media a normal force '2Tr[k^{lL-\-mM^-nNy]\: cf. (113), (114), 
§ 53. Hence at a boundary between the magnetic medium and 
air, the surface force bears to the hydrostatic pressure ^AjHP 
caused by the internal force a ratio comparable in general with 
27rifc«/iJfcor(/A-l). 
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Now in the case of all the liquid magnetic media investigated 
by Quincke this ratio is small. The greatest susceptibility is 
that of a solution of chloride of iron in methyl alcohol, and for 
this liquid we find ( W, A. xxiv. Table 85, p. 385) that (ytt- l)l8w 
is given as equal to 414*7 x 10~^®. It must however be re- 
membered that Quincke's constants are calculated on the 
hypothesis that (/a— l)ir/87r is the pressure in grammes 
weight per square centimetre (cf W, A, xxiv. p. 383, (7) et seq.): 
if the pressure is reckoned in c. G. s. units, as it should be, the 
tabulated value of (fi — l)/87r must be multiplied by 981. This 
fact is pointed out by Quincke. 

Hence the greatest value of (/i - 1) is 102 x 10-» or 00102. 
The pressure due to surface-forces will therefore in no case be 
larger than about one thousandth part of that arising from the 
force in the interior, and will be inappreciable. 

(8) In § 65 (IT. A. xxiv. pp. 362—366: Fig. 1, Taf. vii.) 
we have an account of experiments in which an air-bubble is 
blown in a liquid occupying the space between the horizontal 
surfaces of the poles of an electromagnet. These poles are 
1*7 mm. apart and 140 mm. in diameter: the bubble is in 
contact with each of them, and has a diameter comparable 
with 25 mm. 

Since the lines of force would crowd into the space between 
the poles, the magnetic force Hg at the distant external surface 
of the liquid would be very small compared with its value H at 
the air-bubble. According to the present theory, as given in 
§ 53, the liquid will be impelled from places of less magnetic 
force to places of greater intensity and the additional hydro- 
static pressure in the liquid at the bubble should be 

H^iM'-H,) or "-^H: 

The additional pressure within the air-bubble (for which /tA=l) 
should thus, in the absence of appreciable surface-forces, be 

(/i-l)ifV87r. 

A pressure is observed which is in agreement with this 
formula, and may be used for the determination of /a. 

(e) Quincke also uses (W,A. xxiv. pp. 369—374 : Figs. 7, 8, 
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Taf. VIII.) a U-shaped tube, containing the magnetic liquid as 
a manometer. One vertical arm passes between the poles of 
an electromagnet arranged in such a manner that the lines of 
force at the surface of the liquid shall be horizontal. This 
surface rises when the current is turned on, and by using the 
same electromagnet as in the previous experiment, it may be 
shewn that the increase of pressure due to the field is the 
same as it was in the case of the air-bubble. This is in accord- 
ance with the theory of § 53, and the results are given in 
TF. A. XXIV. Table 83, p. 373. 

(f) In § 68 (pp. 374, 5) the poles of the electromagnet 
have their faces horizontal, the lines of force between them 
being vertical ; one vertical arm of the U-tube of the previous 
experiment is passed up through a vertical hole in the axis of 
the lower pole in such a manner that the surface of the liquid 
in the tube lies in the magnetic field and is cut at right angles 
by the lines of force. 

The surface of the liquid now rises when the current is 
turned on : as we should expect, the indicated increase of 
pressure is equal to that observed when the lines of force were 
parallel to the surface and the conditions were otherwise the 
same (Table 84). 

(ff) Quincke made an interesting experiment {I.e., p. 376) 
upon the effect of the field on an air-bubble lying in a magnetic 
liquid between the two horizontal surfaces of the poles of an 
electromagnet. The bubble touched only the upper pole, its 
rounded surface approaching near to the lower pole. When 
the field was excited, the shape of the bubble was not affected : 
the increase of pressure at the surface of the bubble was the 
same whether the lines of force were parallel to the tangent- 
plane or perpendicular to it. 

(0) Other investigations were made upon the shape of 
drops hanging from a rod (pp. 376, 7). Even in a field of 
12,000 C.G.s. units, a drop of a concentrated magnetic liquid, 
when examined by a kathetometer microscope, did not change 
its shape. 

Under the same conditions a drop of iron amalgam preserved 
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the same diameters parallel and perpendicular to the lines of 
force ; but changed its shape at once if the field were not of 
uniform strength. For this amalgam in Quincke's Table 85 
(/t-l)/87r is given as 160*3 : hence in c.G.S. units (/a-1)=-0004, 
and the surface-forces are inappreciable. 

(t) The term ^WH- in F is illustrated by the fact that 
drops of solution of chloride of iron in alcohol move in dia- 
magnetic olive-oil of the same density towards places of stronger 
magnetic force (Matteucci, Comptes RenduSy 36, p. 917, 1853). 

{k) Consider the force exerted between two equal longi- 
tudinally magnetised cylindrical electromagnets of great length 
with plane ends at right angles to their axes. The electro- 
magnets are placed with their axes in the same straight line 
and with opposite poles facing one another, their distance apart 
being small compared with the diameter of either. 

The field in the air-gap may be treated as uniform ; and, if 
//a, ^1 denote the magnetic force in the air-gap and inside the 
iron, we shall have -^2= M-H^i- The force per unit area of the 
surface is 2irk^H^ in the direction of the normal drawn into the 
air. The force per unit volume of the interior is ^AVH*; and 
if H is negligible at the distant end of the magnet, the resultant 
effect is to give an integral force of ^kH^ per unit area of cross 
section in the same direction as the above force iirk^H^, The 
sum of these forces is \k (1 -f ^irk) H^, or (ji^—f^) H^jSir, This 
result is equivalent to [fiH^j^irYi which corresponds, as it should, 
to the electric surface-force {ir^/87r}f. For soft iron l//it is 
small and the experimental comparison by E. Taylor Jones of 
the surface force with fi^H^^/Sv {Phil. Mag. 39, p. 254, 1895) 
proves our expression correct to one per cent. 

(X) In the case of most of these magnetic experiments it 
will be seen that an explanation might be effected if we were 
to assume that the forces due to a magnetic field were similar 
in character to those of §§ 42, 43 due to an electric field. We 
should then have a force at a bounding surface equal to 
{fiiD-M^-N^ySir]] in the direction of OX, the normal 
drawn into the second medium, and zero force in the interior. 
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In {0) if the drop of magnetic liquid in a uniform field be 
treated as spheroidal in shape, the force inside the drop will be 
uniform : let us denote it by Hi. 

The external magnetic force at points where the normal is 
parallel to Hi will be fiHi, and there would be an outward 
surface-thrust of (/a* — fi) Hi^/Sir, Where the tangent planes 
are parallel to Hi, the external magnetic force will be ^i and 
the outward surface-thrust would be (/a — 1) H^jSir, The ratio 
of these stresses would be /t : 1, and their diflference would be 
inappreciable. 

In the case of (8), (e), (f ), (17) explanation on these lines is 
simple. 

A crucial experiment may be made by observing the change 
of volume due to the pressure produced by the field in a 
magnetic liquid in an open receptacle. We shall consider in 
particular a thermometer-shaped vessel placed symmetrically 
with its capillaiy tube vertical and its bulb in the centre of an 
intense field of horizontal force between the poles of a powerful 
electromagnet. 

At the free surface of the liquid in the capillary tube the 
magnetic force H, will be horizontal in direction, and the 

expression 

2Tr[k^{lL + mM -\-nN)]\ 

for the normal surface-stress will be small When the faces of 
the poles are near together and the field throughout the bulb 
may be treated as of uniform intensity H, then the additional 
hydrostatic pressure produced by tlie force (/a— l)VHV87r per 
unit volume will be (/a — 1) {H^ — Hg^)j8Tr. Under this pressure 
the liquid will contract, and the walls of the bulb will yield 
slightly: thus the column in the capillary tube will fall. 

If, however, the stresses were analogous with those of an 
electric field they would give merely a force (fi — l) Hg^/Sir per 
unit area acting vertically upwards at the surface of the liquid 
in the tube. Hence this column would rise. 

If the magnetic liquid is surrounded by a column of water 
and no diffusion occurs, then neglecting the infinitesimal 
susceptibility of the water, the result will be unafli'ected by 
its presence. When the magnetic liquid is such that partial 
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diffusion occurs, and the permeability increases continuously as 
we pass from the top of the column of water down to the 
magnetic liquid, then our theory still gives zero force at the 
free surface in the capillary tube and (ft-l)VHP/8v at each 
point in the interior. Whatever the law of diffusion this will 
act vertically downwards in the capillary tube and the column 
will fall. 

On the other hand, the stresses of the electric tjrpe would 
consist of a very small force {fig — l)!!,^ /Sir upwards at the 
upper surface of the water column, fig being the permeability of 
the water there with its trace of magnetic liquid : and in the 
interior a force — H'^V/a/Stt by (84). Since fi increases with 
the depth below the free surface, this force would also act ver- 
tically upwards within the capillary tube. Thus the column 
would rise. 

We may apply a further test to our theory by ascertaining 
the changes of volume corresponding to different positions of 
the vessel in the field. If the bulb is lowered until it is below 
the more intense field between the poles, while the magnetic 
liquid at the bottom of the capillary tube is still in that field, 
then the force (fi — 1) VH^/Stt will act upwards on that part of 
the liquid which is below the centre of the field : and a diminu- 
tion of the internal pressure will result. Thus we should expect 
the column in the capillary tube to rise. 

I lately ventured* to ask Prof Quincke for some details 
in connection with his observations in relation to change of 
volume {W, A. xxiv. p. 380, § G8), and it is through very great 
kindness on his part, for which I cannot be too grateful, that I 
am enabled to state the results of some additional experiments 
recently madef by him with the object of testing the accord- 
ance of the above theory with fact. 

For one set of investigations he took a thermometer-shaped 
vessel whose bulb was a cylinder 4 mm. in length and 35 mm. 
in the diameter of its circular cross-section : the diameter of 
the capillary tube was '334 mm. and its height 230 mm. The 
ends of the poles of the electromagnet were squares of 

* In December 1899. 

t In February and March 1900. 
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£1 mm. X 51 mm., and their distance apart was either 5*2 mm. 
or 6'745 mm. The magnetic liquid used wan a atroiig aqueoas 
solution of ferric chloride whose specific gravity o- was r4-933. 

Quincke performed the preliminary experiment of filling 
the bulb and part of the tube with water, introducing a column 
of mercury abuve the column of water, and noting the change 
in the position of its extremity produced by inverting the 
vessel : this gave the ratio of the increase of volume to the 
decrease of pressure. 

Observations of the type (e) above, with a U-tube used as a 
manometer, were made with the ferric chloride solution. The 
height of h cm. through which the column of liquid rose was 
connected with H, the strength of the field where uniform, and 
with ^p„, the corresponding increase of pressure in grammes 
weight per square centimetre, by the relations 
Ap„ = Aff = 3 20-9 X 1 0-"^'. 

Let the distance between the poles of the electromagnet 
in millimetres be denoted by a, let z mm. be the rise in height 
in the capillary tube when the thermometer contains the 
solution of ferric chloride and is placed in the field, and let 
Ap be the corresponding increase of pressure in grammes weight 
per square centimetre. The preliminary experiment shewed that 
A;>=-.5-347z. 

When the bulb was in the centre of the field the value of 
the force H, at the top of the column was very small compared 
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with H, so that the theoretical increase in pressure became 
approximately (/a— l)ifV^^» ^^^ pressure in the manometer 
tube. 

The observations gave : — 
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It will be seen from the sign of z that the column falls, as 
it should do. Moreover, the agreement in value between Ap^ 
and A^ is as close as the experimental difficulties would permit 
us to expect. 

Investigations of a similar character with a larger vessel 
gave the results : 

^Pm Ap 

3-27 2-99 

9-85 10-69 

Quincke made experiments in which the thermometer oc- 
cupied the five different positions indicated in the diagram : the 
observed values of z were — 1*8, — 1 2, - 0*8, + 0'3, + 1*1. In 
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these experiments the bulb was filled with the solution of ferric 
chloride and the capillary tube contained water, the boundary 
being just above the bottom of the tube. It will be noticed 
that, owing to the closeness of the poles, the strength of the 
field must diminish rather suddenly at the margin of the region 
actually between them. 

The numerical value of z accordingly (see -4, 5, C in the 
figure) becomes rapidly smaller as the top of the bulb passes 
below the level of the top of the poles and the field in which 
the magnetic liquid lies becomes more nearly uniform. 

On the other hand the changes in the value of -? as the bulb 
emerges below the poles will be less rapid (cf. D, E), For z 
indicates the average pressure in the bulb : and that part of 
the solution which is in the region of uniform force H will be 
subject merely to atmospheric pressure, while the pressure in 
the portion which is below the uniform region will be less than 
this by an amount increasing to nearly 

at a point where the magnetic force is small 

Thus in the case of liquid media the agreement of experi- 
ment with theory seems to be complete. 



6—2 



PAET IV. 

PROPAGATION OF PLANE WAVES IN MOVING MEDIA WHEN THE 
POLARISATION IS CONTINUOUS, NOT MOLECULAR. 



57. We shall for the present suppose that the velocity u of 
any dielectric is independent both of the time and the coordi- 
nates : accordingly no allowances for rotation of the axes will 
be necessary. The dielectric will in all cases be uncharged. 

The first case that will be considered is that in which, the 
ether being at rest, the origin is taken at a point fixed in the 
ether, and the axis OX is perpendicular to the wave-fix)nt. 
With the usual notation, we shall have, to axes fixed in the 
ether, if /a = 1, 



(2D 



with 



dt 


= FcuriH 


dU 
dt 


= -FcuriB 


D = 


B + (/r-i)] 


B' = 


B+~[uH] 



(116) 



(116). 



div D = 0, divH = (117). 

If then the velocity of propagation be U, and we take 

^ fl ^ \ ft V ' 
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the equations of the field are 

U{K^ + (K-l){vp -t£;^)/7} = 0, 
U[Kv + (K^l){w\''Up)IV]=^Vv, 
U{K^ + {K-l){ufi-v\)IV}=^rfi 

Hence D, H lie in the wave-front, at right angles to one 
another, and 

KU^^{K-\)uU=V^ = KV'^ (118), 

where V is the velocity of propagation in the medium at rest : 
therefore neglecting squares 

U=V' + u(K-l)l2K (119). 

Putting w = a/ + ut, where x\ r/, z' are referred to axes fixed in 
the matter, the exponential becomes 

and the velocity of propagation relative to the matter is 

U^u or F'-.u(ir+l)/2ir (120). 

The correct value of IT as given by Fresnel's coeflScient 
should be, cf. (119), 

r + u(K-l)IK. 

58. The theory of Fresnel that in any body whose refractive 
index is m and velocity in space u, the ether is carried with 
velocity (m"— l)u/m', suggests the introduction of a similar 
hypothesis in the present case. 

We shall accordingly suppose that when a medium has 
velocity u relative to the free ether at a great distance, the 
ether contained in the body has velocity au, when a is some 
coefHcieut dependent on the medium in question. 

Let a = 1 — )S, so that the velocity of the medium when 
referred to the contained ether is )Su. Now in the previous 
analysis in § 11 of the motion of bodies through ether, it is the 
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ether which has been taken as "at rest" i.e. as affording 
the origin to which the motion is referred. 

From this point of view, the formulae for continuous non- 
molecular polarisation, 

B' = B + i.[ua], H' = H-~[uD], 

where D = B +(/f - 1)B', a = U + (fi'-l)H,\ 

have been developed : in these equations u is the velocity of 
the material medium relative to the ether. The analysis of 
^ 11, 13 is accordingly applicable under the present conditions, 
provided that, when the velocity of the medium is u when 
referred to the ether at a great distance, we take 

B' = B + -J^[/3ua], H' = H-^[/8uD] (121), 

where B, H denote the forces at a point fixed in the ether, and 
E', H' at a point in the material medium. 

The equations of the field, complete as far as aberration is 
concerned, when referred to axes fixed in the material medium, 
thus become 

^5 ^ VcutI H', 

^ = -FcurlB' 
at 

D = E + (Z-1)E', divD = 0, divH = 0, 
B' = B+-^[uH], H' = H-^[uD]. 

At a bounding surface between two media we shall suppose 
that the velocities u,, u, of the two media are equal, and that 
K and fi may change discontinuously. The velocities of the 
etiicr will then be discontinuous, but in our present state of 
ignorance, there is no insuperable difficulty in supposing the 
ether to have properties not possessed by ordinary matter. 

By regarding the interface as the limiting case of a thin 
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layer of continuous transition and taking Oz perpendicular, we 
obtain in the same manner as on former occasions, 

[X'W =0. {F'|f = 0. 

[L'W =6, {if'}f=o. 

[Z+{K-\)Z'}\=Q. {iV}f=0. 

the system containing no charges. 

The velocity of propagation of a plane wave whose direction- 
cosines are Z, m, n when referred to axes fixed in the material 
medium will be given by (120): it is 

F - )8 {ul + vvi ^wn){K-\- l)/2K. 

But since the velocity of light relative to the free ether at 
a distance is, by Fresnel's law, to be 

or relative to the matter 

V''-(ul-\-vm + wn)/K (122); 

2 ^-1 

69. Let us now consider the propagation relative to a 
uniform material medium of a disturbance emanating from a 
point. Denoting the velocity (122) of propagation by U' and 
1/K by 7, the region of disturbance at the time t will be 
enveloped by the plane whose equation is 

laf 4- my' + n/ = U't = { F' - 7 (i^ 4- vm + wn)] t, 

where /, m, n are subject to the relation 

P + m" 4- n« = 1. 

Hence we introduce the quantity \ satisfying the equations 

a?' -f yut = XZ 
y' + yvt = \m 
/ 4- ywt = \n 
and obtain \ = V't. 

x' xf z' 



ZK' — 7U mF' — 7t; nF' — 7M; 



= « (124). 
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Now the ray corresponding to the plane 

laf + my' -^-nz' = U't 

meets it in that point on the plane which is first reached by 
the disturbance ; it is therefore the point of contact of the 
plane with the envelope just investigated. 

Hence the components of the velocity of ray-propagation 
relative to the material medium are 

IV'-ujK, mV-vIK, nV'-wlK (125). 

Consider now the direction of the rays in the case of 
our former hypothesis of a stationary ether and a molecularly 
polarised material medium moving with velocity u. The results 
(62), (63) of § 22 prove that when squares of uj V are neglected 
and when u is not necessarily along OX, the velocity of propa- 
gation of plane waves whose direction -cosines are (/, m, n\ will 

be 

17 = F' + (Zw + mV'{-nw){K-\)IK\ 

this velocity is referred to the free ether at a great distance. 
Tlie forces in the wave will be proportional to 

if then we refer to axes moving with the material medium and 
replace x, y, -? by a?' 4- uty y + 1^, i^' + wt, we obtain the factor 

g2»t {{U-lu-mm- nw) t-lx'-my'- nt'\/\ ^ 

Thus the velocity of wave propagation relative to the 
material medium is 

U'-(lu-^mv + nw) or V — (lu + viv -f nw)/K : 

this is the same velocity as U' above. Hence also the direction 
and velocity of the rays given by the hypotheses of § 14 and of 
§ 58 are the same. 

Reflection and refraction at a plane bounding surface between 
two media possessing the same ujiiform velocity. 

60. Let a point in the interface be taken as origin and the 
normal drawn into the first medium as the axis OZ, the origin 
and axes moving with the uniform velocity u of the system. 
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Let US suppose that in the first medium plane waves are 
being propagated in which the forces B', H', acting at points 
fixed relative to the axes, are proportional to e»*^^'+'*+"^\ 

For the waves reflected into the first medium B', H' may be 
assumed to vary as e**»(^»^+'»*+"*»y"'*»') ; and in the refracted wave 
we shall take as the corresponding exponential factor 

At z = the indices of the exponentials must agree : hence 

Sl=z8ji =5a^2 \ (126). 

= «i7/li = «97Ma, 

Let Fi, Fa denote the velocities of wave-propagation of 
light in the media when stationary ; then, since m, and 7Mj 
vanish, we deduce from (122), 

U' = Fi + 7i (lu + nw) 
Ui= Fi + 7i(ZiU-w,w) 
IT^ = F, + 7a {hu + n^w) , 
.-. by (126), 

«{^i + 7i(^w + nw)} =5, (Fi + 7i(ZiU-niW;)} 

= «2 { ^a + 7s (^w + n^w)]. 
The component velocities of the rays in the media are 
- V,l - ujK,, - vIK,, - V^n - wjK,, 

Hence we have suflScient equations to determine the directions 
of the rays. If we required the intensities of the forces we 
should have to make use of the remaining surface conditions. 

Now if the problem were investigated on the former 
hypothesis of molecular polarisation the equations giving the 
directions of the rays would be identical with those just found; 
but the surface conditions are somewhat different owing to the 
dissimilarity of the formulae 

H' = H-l[uE]. H' = H-4.[uD] 
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in the two cases. Hence the directions of the rays according 
to the two hypotheses are the same, but the intensities and 
planes of polarisation differ. 

Now, as we have seen (p. 27), Lorentz has shewn that, if 
squares be neglected, the ordinary laws of reflection and refraction 
hold for rays of light in drifting media in which the polarisation 
is molecular : hence a similar theorem is true in the case of con- 
tinuous polarisation if the hypothesis of § 58 be made. 

It is also clear that this latter hypothesis will account for 
the ordinary facts of stellar aberration. For at the highly atten- 
uated outer limits of the atmosphere, a = (-JT — 1 )/(-K' + 1) will 
be very small, and the velocity ail with which the ether is 
carried along by the earth's motion will also be small. Thus on 
either hypothesis the ether at a very great distance from the 
earth is at rest : and our argument shews that such results as 
those of § 20 are valid under the present conditions. 

Rontgens experiment, 

61. With the same axes as in § 26, the velocity u" of the 
centre of the sphere being {A, B, C) referred to the "free 
ether," the velocity u of any point (a?, y, z) of the sphere will 
be {A -ny, B ■\- nx, C), 

The equations of § 12, referred to axes moving with the 
uniform velocity u", will become, since /» = 0, t = 0, ft = lin the 
present case, 

^^ + u"V.D = ^?= FcurlH"^ 
at di 



f^u-V.H.f =-Fo»rl 






Since the conditions are steady, ;7T7> = and curl B", curl H" 

vanish : thus E", H" are each derivable from a potential. 

Let suffixes 1, 2 distinguish quantities inside aod outside 
the sphere. Then if u, u" were zero, we should have 
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and Hi, Us would vanish. Hence when VLJV, M^jV are small 
finite quantities, we shall have 






H," = Vw, 

where ^i, ^,, a>i, a>, are small functions. 

Now the velocity of the centre of the sphere (our origin), 
relative to the ether at the point (ar, y, z) within the sphere, is 

u " - ou, 

or {^A + any, ^B - anx, ^C) : 

hence B," = B, + p: [(u" - au) H], 

H." = H,-|[(u"-au)D]. 

Also the velocity u exceeds the velocity au of the ether by 
fin : so that 

B' = B + |.[uH]. 

H'=H-^[uD]. 

As before (p. 36), if we neglect squares, 

E'' = E = E', 

and since div D = 0, 

The surface conditions are that the tangential components of 
E', H' shall be continuous, as well as the normal components of 
D, H. 

Hence K -^ = -^, and the tangential components of V^j, 
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V<^ are continuous. Thus <^, <^ are electrostatic potentials due 
to a dielectric sphere without charge, 

<^ = 0, <^s = 0. 
Then, since 

H. = H," + ^[(u"-au)Bj, 

.-. div H, = div H." + y {B, curl (u" - au) - (u" - ou) curl B,}. 

Now curl (u" - au) = (0, 0, - 2cm), 

curl B, = 0. div H, = 0, Z, = S/{K + 2) ; 

.: = ^'«i-^ + 2y ^^^^^• 

Similarly H, = H," + ^ [u"E J, 

and div H, = 0, curl u" = 0, curl E, = 0, 

.-. 0=V»a) (128). 

Further, remembering that outside the sphere a = 0, /8 = 1, 
we have both inside and outside, 

H' = H-^C8uDJ, 
H" = H - ^ [(u" - ou) D]; 
.'. H'=H"-i.[(u-u")D]; 

The continuity of the tangential H' gives 

X " y z ' 
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or 



1 d (ft>j — cDi) _ 1 d (a)2 — <tfi) 
a? da? "~y dy 

1 d (a)j — ©i) w f, ^ ,^ - . 

^K{xX,^ryY^■VzZ^)\ 

Now the normal electric polarisation is continuous, so that 
the quantity multiplied by nlVz may be neglected. 

Hence d (o)., - o)i) ^ d ( ft)a ~ o)i) ^ d (ft>a •- a)i) ^ 

a?da? ydy zdz ' 

and ^ (ft)a - ©i) = 0, 

where d, ^ are the usual angular coordinates : so that a>, — 0)^ is 
constant over the surface, and may be taken as zero 

(129). 

Also the normal magnetic polarisation is continuous. 

.-. {a?X + yJf + ^iV }f = 0, 

i.e. rHi = rH2, if r=(a?, y, z), 

.-. rH/' + ^ r [(u'' - au) B,] = rH,'' + 1 r [u"B J; 

.-. rVo,, - ^ (u" - au) [rB J = rVo,. - ^ u'' [rBJ. 
Now as the tangential component of B' is continuous and 

.*. Bj — B, is radial in direction ; 
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.-. [rBx] = [rBJ; 
.-. rV (o), - o),) + ^ {(K - 1) u" - oJSTu} [rE,] = 0. 

and E. = (0,0.-^2)' 

so that [rE,] = -^^^ (y, - ir, 0) : 

•■• rV(o,.-o,.) + ^^^g^y. 

{( A" - 1) y4 - oiTy (4 - ny) - ( A"- 1) a:5 + o^a; (5 + ««)} = 0. 
Now at the surface 

___ <^, d d_ d 
~ dx ^ dy dz dr' 

when the coordinates are r, 0, <f>. 

J o 

{()8Z - 1) (ily - 5a?) + oKn (a?" 4-y")} = ; 
.*. observing that ^K — 1 = a, 

{ifn (2a* + aj* + y» - 2^«) + 3 (ily - 5a?)} = .. .(130). 

We have found also, in (129), that cd, = cD] at the surface, and 

that 

— _ 6K an y^o^\ 

^"^'K-TiV ^^27), 

V»a>, = (128). 

If we had (127), (128), (129) and ^' = §!^ at the surface we 

dr dr 

should deduce 

2K cm a* \ ^^^^)- 

**~"ZT2 FT 



